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Chapter 1

Introduction

Single atoms trapped in tightly focused optical dipole traps, known as optical tweez-

ers, have emerged as a promising tool for quantum applications such as quantum sim-

ulation, computation, and metrology. In this thesis we will discuss the development of

an experimental setup for trapping single strontium atoms in preparation for quantum

simulation and computation experiments.

This chapter is ordered as follows. First we will present a short historical back-

ground on the origins of optical tweezers, laser cooling of atoms, and quantum simu-

lation and computing. Second we will discuss some more speci�c details of strontium.

Third we will mention some state of the art results in the �eld of single atoms trapped

in optical tweezers, and fourth we conclude with an outline of this thesis.

1.1 Historical Background

We will give a brief overview of the origins of the experimental tools and theoretical

ideas used in this thesis. This review is by no means exhaustive, but we cite detailed

review articles for each topic to point interested readers to more information on each

of the subjects.

The story of optical tweezers begins with the ideas of Nobel laureate Arthur Ashkin

[1]. In the early 1970s, Ashkin began studying the idea of using the radiative pressure

of light to optically trap neutral particles. This lead to the �rst simple optical tweezer

experiment in which the Gaussian focus of a laser beam was used to trap latex spheres

suspended in a water solution [2]. Ashkin, along with many others, began to consider

the possibilities of using this radiative force to trap individual atoms and molecules

and the ideas of laser cooling began to emerge and be experimentally realized in the

late 70s and 80s [1, 3, 4, 5]. This led to the �rst optical tweezer for neutral atoms, also
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known as an optical dipole trap [6]. On the way to this result, Ashkin also pursued

other possible applications for optical tweezers, such as trapping proteins, viruses,

and even organelles inside living cells [7, 8, 9]. This led to huge developments in the

microscopy of biological samples.

The �eld of laser cooling of neutral atoms also continued to evolve [4, 10]. These

new laser cooling techniques aided in the preparation of colder and denser atomic

gases and eventually in the production of the �rst Bose-Einstein condensate [11]. Now

many different atomic samples have been cooled to quantum degeneracy opening

many new interesting areas of study for atomic physics experiments [10, 12, 13, 14].

Also in the 1980s, the ideas of quantum simulation and computing began to emerge.

Richard Feynman �rst proposed the idea of simulating one quantum system with an-

other more controlled quantum system in 1982 giving rise to the concept of quantum

simulation [15]. In 1985, David Deutsch expanded on these ideas describing for the

�rst time a "universal quantum computer" on which "every �nitely realizible physical

system can be perfectly simulated by a universal model computing machine operating

by �nite means" [16]. In 2002, the generalization from a 2 level quantum bit of infor-

mation (qubit) to any number of internal states, d, known as a qudit was made in [17].

A number of different possible platforms for a quantum computer have been proposed

and realized such as trapped atoms, superconductors, photons, and quantum dots, see

[18, 19].

The �elds quantum simulation and computation continued to expand with many

different ideas. Some ideas for quantum simulation included using the newly cre-

ated �eld of quantum gases as the simulation platform leading to many proposals and

experiments [12, 13, 14]. Around the same time, the �rst proposals of using strong

interactions of Rydberg gases (highly excited atoms) for quantum computing began to

appear [20, 21], closely followed by the �rst single atoms trapped in optical tweezers,

which would make a great platform for such computations [22]. The �eld of single

atom optical tweezer experiments continued to evolve over the next decade leading

to the �rst observation of the Rydberg blockade effect for two tweezers [23, 24] and

the �rst entanglement operations between two neighboring tweezer sites [25]. The

research area of single atoms in optical tweezers for quantum computing began to ex-

pand more [26], and has been growing at a staggering rate in recent years with new

experiments popping up around the world [27, 28].
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FIGURE 1.1: Level diagram for bosonic strontium. All transitions men-
tioned in this thesis have been included.

1.2 Strontium

The atom used throughout this thesis is strontium. Strontium has four different iso-

topes, three bosonic (84Sr, 86Sr, and 88Sr) and one fermionic (87Sr with nuclear spin

I = 9=2). Strontium is a group-two element also known as an alkaline earth metal.

Alkaline earth(-like) metals have a helium like atomic structure with two valence elec-

trons in an s-orbital, giving a ground state con�guration of 1S0. The two valence elec-

trons make two types of electron excitation possible since the spins of the two valence

electrons can remain anti-parallel or become parallel, giving rise to singlet and triplet

excited states respectively [29], see Fig. 1.1 for a level diagram of strontium with all

levels relevant to this thesis.
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The triplet states of the alkaline earth-like metals are one of their unique proper-

ties. More speci�cally, the lowest lying 3PJ states are metastable states allowing for

new experimental applications in comparison to the more commonly used alkali met-

als. The 3P1 state can be used for a second stage narrow-linewidth magneto-optical

trap (MOT) operating on the 1S0 - 3P1 transition, which allows for colder temperatures

to be achieved along with opening the door to other valuable cooling methods and

continuous Bose-Einstein condensation [29, 30, 31, 32, 33]. The3P0 state is a metastable

state with long lifetime, leading to an ultranarrow 1S0 - 3P0 transition, which has no spin

orbit coupling and is insensitive to magnetic �elds to �rst order, making it a great tran-

sition for optical atomic clocks [29, 34, 35, 36, 37, 38]. The3P2 state is also a long lived

metastable state with an electronic magnetic moment. The additional ultranarrow 1S0 -
3P2 transition opens additional possibilities for quantum simulation and quantum com-

puting [39, 40, 41]. For an extensive review and more details on strontium and other

alkaline earth(-like) metals see [29, 42].

Out of the alkaline earth-like atoms, strontium and ytterbium have become popular

choices for optical tweezer experiments over the last four years [30, 43, 44, 45, 46, 47,

48]. For both atoms two different isotopes have been used, the most abundant bosonic

isotope, 174Yb [43] and 88Sr [30, 44, 45], and a fermionic isotope,171Yb [47, 48] and 87Sr

[46]. These experiments have already begun to show very impressive results, some of

which we will outline in the next section.

1.3 State of the art

The initial single atom optical tweezer experiments focused primarily on rubidium

atoms [23, 24]. Similar experiments with rubidium have been developed to a stage

where they can perform large scale quantum simulations [49, 50] and explore other

interesting topics such as increasing the number and lifetime of single atoms in tweezer

arrays [51, 52] and entanglement transportation [53]. Cesium atoms in optical tweezers

are now also used as a good candidate for quantum computing [54].

Although signi�cantly less time has passed since the �rst alkaline earth-like sin-

gle atoms in tweezers [30, 43, 44], there have already been many impressive results.

Groups have demonstrated two types of imaging methods, one that uses the broad 1S0 -
1P1 transition [30, 43, 44, 48] and another that uses the narrow 1S0 - 3P1 transition [43, 47,

55], along with exploring different tweezer wavelengths in strontium [32, 34, 45] and
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ytterbium [47]. Multiple types of high �delity qubits have been demonstrated as well

including direct addressing of the clock transition as a qubit [56], metastable state to

Rydberg state qubits [56, 57, 58], and hyper�ne ground state qubits in the fermionic

isotopes [46, 47, 48]. With strontium, groups have demonstrated optical clocks using

tweezer arrays [34, 35, 36], and demonstrated loading single atoms from tweezer traps

into a 2D optical lattice opening other new opportunities [56, 59]. The fact that alka-

line earth atoms have two valence electrons has also been exploited for Rydberg atom

trapping [60] since the remaining ground state electron allows for the atom to remain

trapped [60, 61].

1.4 Thesis outline

The remainder of this thesis is outlined as follows:

• In Chapter 2, we present the main experimental results of this thesis that have

been published as "Narrow-line imaging of single strontium atoms in shallow

optical tweezers" [55]. Here we present our results on the �rst demonstration

of high-�delity imaging of single Sr atoms using its narrow (7.4 kHz-wide) 1S0 -
3P1 transition, where we trap the atoms in non-magic wavelength tweezers. After

an introduction, this article starts with an overview of our experimental proce-

dure (Section 2.3) and continues with the details and characterization of our red

imaging method (Section 2.4). This section includes a description of the attractive

Sisyphus cooling process, optimized parameters, detection �delity, and survival

probabilities. We proceed with our results on selectively imaging (hiding) a spe-

ci�c tweezer trap of the array (Section 2.5). The ability to selectively image a sin-

gle site is a speci�c advantage of narrow-line imaging in non-magic wavelength

tweezers and could prove useful for quantum error correction or state speci�c

detection in 87Sr. After the conclusion (Section 2.6), additional details of the ex-

perimental setup are presented in the appendices (Section 2.7 and Section 2.8).

• In Chapter 3, we present some theoretical calculations. In Section 3.1, we discuss

how light and magnetic �elds affect the internal states of the atom and outline

how to calculate the polarizability (light shift) and Zeeman shift for different in-

ternal states of strontium including the ones of fermionic 87Sr. Calculating these
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shifts accurately is important for characterizing trap depths, and to �nd magic-

wavelengths between different internal states. In Section 3.2, we brie�y outline

the method for composing an n-level coupling Hamiltonian and evolving this

Hamiltonian with dissipation by using the Lindblad master equation. This evo-

lution is required for the calculations of the following two sections. In Section 3.3,

we cover in detail our simulation of the attractive Sisyphus cooling process men-

tioned in Section 2.4 including additional results and limits of the cooling pa-

rameters. The simulation outlined in this section works for other types of laser

cooling in an optical tweezer, including sideband cooling and repulsive-Sisyphus

cooling. In Section 3.4, we present the main theoretical result of this thesis with

the author's main contribution to the publication "Solving correlation clustering

with QAOA and a Rydberg qudit system: a full-stack approach" [41]. In this sec-

tion, we propose a single qudit coupling scheme in 87Sr. We calculate the required

transition dipole moments for varying magnetic �eld strength in order to deter-

mine coupling strengths, analyse the dominant error sources and summarize the

limits or required parameters, and present a possible method for experimental

implementation.

• In Chapter 4, we present some additional experimental details and results. This

section's primary focus is to give additional details that were excluded from

Chapter 2 and try to highlight methods that we found useful in initially acquiring

single atom results. In Section 4.1 we begin with a brief overview of the exper-

imental setup, focusing on the changes to the experiment after the theses of O.

Onishchenko [62] and S. Piatchenkov [63]. In Section 4.2, we outline the optical

setup of the tweezer system including the alignment and characterization proce-

dure along with the alignment to the vacuum chamber. In Section 4.3, we present

our initial results with NIR-tweezers including the wavelengths of 785 nm and

813 nm. We focus on our preliminary results and �rst signs of single atoms in

order to help future experiments work through this initial period as fast as pos-

sible. We also include our �rst red imaging results and alignment of the spatial

light modulator tweezer array after our �rst single atom results. In Section 4.4,

we continue with some of the critical parameters that we have found to help sig-

ni�cantly improve the performance of our experimental setup and allow for us
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to achieve the results presented in Chapter 2. In Section 4.5 we �nish with pre-

senting some additional information on our site-selective imaging technique and

our results on using an additional movable tweezer to sort the atoms of the array

into a defect-free array. This process is required for using Rydberg excitation of

the atoms for engineering interactions between atoms in different tweezer sites.

• In Conclusion and outlook, we brie�y mention some of the ongoing work in the

lab along with future plans for the experiment and conclude the thesis.
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Chapter 2

Narrow-line imaging of single

strontium atoms in shallow optical

tweezers

This chapter has been published as [55].

2.1 Abstract

Single strontium atoms held in optical tweezers have so far only been imaged using the

broad 1S0 - 1P1 transition. For Yb, use of the narrow (183 kHz-wide) 1S0 - 3P1 transition

for simultaneous imaging and cooling has been demonstrated in tweezers with a magic

wavelength for the imaging transition. We demonstrate high-�delity imaging of sin-

gle Sr atoms using its even narrower (7.4 kHz-wide) 1S0 - 3P1 transition. The atoms are

trapped in non-magic-wavelength tweezers. We detect the photons scattered during

Sisyphus cooling, thus keeping the atoms near the motional ground state of the tweezer

throughout imaging. The �delity of detection is 0.9991(4) with a survival probability of

0.97(2). An atom in a tweezer can be held under imaging conditions for 79(3) seconds

allowing for hundreds of images to be taken, limited mainly by background gas colli-

sions. The use of a fully closed (cycling) transition for imaging will provide a useful

tool for state speci�c detection. We detect atoms in an array of 36 tweezers with 813.4-

nm light and trap depths of 135(20) � K. This trap depth is three times shallower than

typically used for imaging on the broad 1S0 - 1P1 transition. Narrow-line imaging opens

the possibility to even further reduce this trap depth, as long as all trap frequencies are

kept larger than the imaging transition linewidth. Imaging using a narrow-linewidth
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transition in a non-magic-wavelength tweezer also allows for selective imaging of a

given tweezer. As a demonstration, we selectively image (hide) a single tweezer from

the array. This provides a useful tool for quantum error correction protocols.

2.2 Introduction

Optical tweezers have emerged as a powerful tool for quantum applications. They

enable state of the art quantum simulation and computation [49, 50, 56, 58], high �-

delity and long coherence time qubits [46, 47, 48, 57, 64], quantum metrology [34, 35,

36], quantum chemistry [65, 66], among numerous other applications. Optical tweez-

ers with alkaline-earth(-like) atoms, in particular with strontium and ytterbium, have

been recently realized, offering new possibilities in expanding these applications [30,

43, 44].

In all strontium tweezer experiments demonstrated so far, the �uorescence of single

atoms on the broad (30 MHz) 1S0 - 1P1 transition at 461 nm was recorded, while simul-

taneously cooling the atoms on the narrow (7.4 kHz) 1S0 - 3P1 transition at 689 nm [30,

32, 34, 35, 36, 44, 45, 46, 56, 57]. This `blue imaging' method allows for high-�delity

detection of single atoms in tweezers with high survival probability [30, 32, 44]. How-

ever, blue imaging requires repumpers to close the 5s4d 1D2 decay channel, which can

only be done at tweezer wavelengths where also the 1D2 state is trapped [32, 34, 46,

57]. Furthermore, the slightly higher scattering rate obtained in the blue imaging pro-

cess (s 75 kHz) can only be used as long as the tweezers are suf�ciently deep. Any

excess heating from the imaging process can then be cooled away after the image. As

the trap depth of the tweezer is reduced, the advantage of fast imaging is lost because

the scattering rate must also be reduced to balance heating from imaging and cool-

ing. Reducing the tweezer trap depth has the advantages of decreased laser power

requirement per tweezer (allowing for more tweezers using a given laser source) and

increasing metastable state lifetimes (reduced off-resonant scattering of tweezer light).

A simpler method for imaging alkaline-earth(-like) atoms in tweezers is to use the

narrow 1S0 - 3P1 transition for both cooling and imaging. Single atom detection by �u-

orescence imaging on a (less) narrow transition has previously been demonstrated in

ytterbium for two different isotopes. In both cases tweezers with a magic-wavelength

for the imaging transition were used [43, 47].
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tweezers

Here we detect single 88Sr atoms using only the 1S0 - 3P1 transition for simultane-

ous`red imaging' and cooling. We use optical tweezers that are non-magic for the imag-

ing transition, but magic for the Sr clock transition ( 1S0 - 3P0 ). We detect the photons

scattered during an attractive Sisyphus cooling process [32], thus keeping the atoms

near the motional ground state of the tweezer throughout imaging.

Attractive Sisyphus cooling is possible at tweezer wavelengths where the excited

state experiences a deeper trap depth than the ground state. More speci�cally, at our

tweezer wavelength of 813.4 nm, the excited state (jei � 3P1 jmj j = 1) con�nement is

1.24 times greater than the ground state (jgi � 1S0), see Fig. 2.1(a). This cooling process

can be very ef�cient with a proper choice of parameters, leading to a large reduction

in energy per scattered photon, and a small number of scattered photons needed to

cool the atom [67]. In addition, the non-magic trapping causes the harmonic oscillator

states of jei and jgi to be non-orthogonal, for both the radial and axial directions. A

single cooling beam can thus remove energy from all directions [32, 67].

With balanced heating and cooling from the imaging process, the trap depth can

be signi�cantly decreased, reducing the power required per tweezer. Additionally, red

imaging can be performed without repumpers, since optical pumping to metastable

states is much reduced. The only remaining pumping is due to off-resonant scattering

of 813-nm tweezer light when the atom is in jei , which has a low rate that is even

further decreased by using shallow tweezers. Speci�cally, the calculated off-resonant

scattering rate of tweezer photons from an atom in the 3P1 state is 1.3 Hz under imaging

conditions, where the �nite fraction of time spent in the excited state is taken into

account.

Imaging in shallow tweezers does limit the scattering rate that can be achieved

without unacceptable atom loss, for both red and blue imaging. Shallow tweezer imag-

ing therefore requires a longer exposure time for high-�delity single atom detection

compared to imaging in deeper tweezers. We show for red imaging that the maxi-

mum scattering rate ( � =2 � 23 kHz for the 1S0 - 3P1 transition, where � = 2� � 7.4 kHz

is the transition linewidth) can be closely approached with proper modulation of the

frequency and intensity of the cooling beam, while maintaining a lower temperature

than when using blue imaging. This allows for a reduction of the trap depth by a factor

of s 3, while only marginally increasing the imaging duration and maintaining a near

unity detection �delity and survival probability.

We proceed by presenting an overview of the experimental setup and the procedure
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for preparing single atoms in Sec. 2.3. In Sec. 2.4, we present our imaging method along

with a description of the attractive Sisyphus cooling process, optimized parameters,

detection �delity, and survival probabilities. In Section 2.5 we demonstrate the ability

to selectively image (dark out) a speci�c tweezer from the array and we conclude in

Sec. 2.6.

2.3 Overview of experimental setup and procedure

Similar to previously demonstrated strontium tweezer experiments, we load the opti-

cal tweezers with a small and random number of atoms from a magneto-optical trap

(MOT) operating on the narrow 1S0 - 3P1 transition [30, 32, 34, 35, 36, 44, 46, 56, 57]. Our

procedure for creating the MOT is similar to the one of [68], but uses a reduced number

of MOT beams to make space for a microscope objective and dynamically moves the

MOT from a loading position into the objective focus, see Appendix A.

We create two dimensional arrays of optical tweezers using a phase-only spatial

light modulator (SLM) to imprint a phase onto an 813.4-nm laser beam creating an ar-

ray of foci [49, 50]. This array is then imaged onto the narrow linewidth MOT through

an NA=0.5 microscope objective. An additional dynamically movable tweezer is cre-

ated using the same microscope objective and a pair of crossed acousto-optic de�ectors

(AODs), see Appendix B.

The tweezer trap depth used throughout this paper is 135(20) � K unless otherwise

speci�ed. For our 1=e2 tweezer waist of s 0:84� m, the ground state radial (axial) trap

frequencies are ! radial = 43(3) kHz ( ! axial = 6:6(5)kHz), respectively. This trap depth

is chosen such that the excited state axial trap frequency (7.3(6) kHz) is comparable

to the linewidth of the 1S0 - 3P1 transition. We characterize the trap depth and waist

of our tweezers spectroscopically on both the mj =0 and jmj j=1 1S0 - 3P1 transitions, see

Appendix B. The trap frequencies are calculated from the estimated values of the waist

and the measured AC Stark shifts.

Once the tweezers have been loaded and the MOT is switched off, a single (non-

retro-re�ected) 689-nm beam is used to address the tweezer array during all further

experimental stages that need 689-nm light (light-assisted collisions, imaging, cooling,

spectroscopy), see Fig. 2.1(b). This beam, here simply called imaging beam, is linearly

polarized perpendicular to the tweezer propagation axis to maximize the �uorescence

into the microscope. Additionally, we tune the linear polarization of the tweezer light
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FIGURE 2.1: (a) A sketch of the Sisyphus cooling process at the root of our
imaging technique. The tweezer potential is deeper for the excited state
(3P1) than for the ground state ( 1S0). The order of events for a cooling cy-
cle is shown from left to right. The atom initially rolls down the ground
state potential where it is preferentially excited near the bottom of the po-
tential. The atom then rolls up the steeper excited state potential before
decaying back to the ground state at a lower energy. This leads to a re-
duction in energy per scattered photon related to the trap depth mismatch
[32, 67]. (b) A simpli�ed schematic of the experimental setup. A high nu-
merical aperture objective (NA = 0.5) creates the optical tweezers and col-
lects the atomic �uorescence. A single beam (imaging beam) is used for
light-assisted collisions, cooling, and imaging in the tweezer array. The
polarization of both this imaging beam ( Eimg ) and the SLM tweezer pat-
tern (Etweezer) are shown. The direction of gravity with respect to the ob-
jective is also shown (g). (c) Averaged �uorescence of strontium atoms in
the 6� 6 array of tweezers used throughout the majority of this work. We
collect photons scattered from the 1S0 - 3P1 (jmj j = 1) transition during the
cooling process in order to image the atoms in the array. The image is the
average of 100 experimental realizations using 500 ms of exposure each.
(d) Image obtained by one such experimental run. Approximately half of
the tweezer traps are �lled on average.
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to match the propagation axis of the imaging beam. This maximises the � � component

of the imaging beam because we operate the tweezers at a 0 G magnetic �eld making

the tweezer polarization the dominant quantization axis.

To prepare tweezers containing either a single or no atom, we use light-assisted

collisions to induce pairwise loss, leaving either zero or one atom remaining in each

tweezer [69]. The imaging light used in this process is tuned to a frequency between the

Stark shifted resonance of the1S0 - 3P1 (jmj j = 1) transition and an electronically excited

molecular state that is further red detuned and that asymptotically corresponds to the
3P1 state [30, 70].

We perform imaging by collecting the scattered photons from the Sisyphus cooling

process as presented in Sec. 2.4. The �uorescence is collected via the same microscope

objective used to generate the tweezers, and then separated using a long pass dichroic

mirror with 750-nm cutoff. The collected �uorescence light is sent onto an EMCCD

camera [71, 72]. The number of photons in 5� 5 pixel regions of interest (ROIs) around

each tweezer center is summed. We collect photons for 100 ms in order to separate the

single atom signal from the background noise of the camera. This procedure leads to a

histogram with two peaks, corresponding to zero and one atom in a tweezer, as shown

in Fig. 2.4(a). An atom is assumed to be in a tweezer if the photon number lies above a

threshold located between the two peaks, see Sec. 2.4(D).

In the previously demonstrated blue imaging technique, the metastable 3P0 and 3P2

states must be repumped to the ground state during imaging because of decay of 1P1

to those metastable states [32, 34]. During red imaging, these repumpers are only used

to compensate optical pumping into 3P0;2 by the tweezer light that can happen when

the atom is in the 3P1 (jmj j = 1) state. However, we �nd that this is unnecessary for

the shallow traps used in this work. Nonetheless, we have the ability to repump the

metastable states via the3S1 state using two lasers at 679 nm and 707 nm for the 3P0

and 3P2 states respectively.

For all the results presented in this paper, we begin an experimental run by prepar-

ing single atoms using the above method followed by an initial image to determine

which tweezers are �lled. After this,we perform measurements as required by the ex-

periment under consideration. The average initial image of 100 preparations for a 6 � 6

array and an image of a single run is shown in Fig. 2.1(c) and (d) respectively.
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All plots presented are for 100 repetitions of each experiment unless stated other-

wise and the data is the average of all 36 tweezer sites. Taking into account the typi-

cal tweezer loading ef�ciency of 50%, each data point consists of approximately 1800

realizations. The error bars for the entire paper show the standard deviation over the

array and are dominated by variation originating from tweezer depth inhomogeneities

across the array. The raw data and the analysis tools used in this research can be found

in Ref. [73].

2.4 Imaging via Sisyphus cooling

Our imaging and cooling relies on the attractive Sisyphus cooling technique �rst pro-

posed in [67, 74] and more recently observed experimentally in tweezer arrays [32, 34,

46] as well as in a continuous beam decelerator [31]. We can keep the scattering rate

near maximum with near zero trap loss or heating in tweezers as shallow as 135(20) � K

by intentionally keeping the imaged atoms slightly hotter than the coldest possible

temperature, and by proper choice of imaging/cooling parameters.

2.4.1 Sisyphus cooling criteria

Attractive Sisyphus cooling relies on a trap depth mismatch between the excited and

ground state potentials as shown in Fig. 2.1(a). In addition, three conditions must be

ful�lled for the cooling to work. First, the excited state of the atom must experience

stronger con�nement than the ground state. Second, one must have the ability to excite

the atom selectively from the bottom of the potential, and third the excited atom must

have suf�cient time to move away from the center of the potential before decaying

[67]. The �rst condition is ful�lled in our setup by properly choosing the trapping

wavelength, while the second and third conditions can be ful�lled by using the narrow

linewidth 1S0 - 3P1 transition in strontium.

The �rst condition is needed for the atoms to lose kinetic energy by rolling up the

steeper potential of the excited state before decaying. This allows for a reduction in

potential energy on the order of the differential trap depth per scattering event. The

narrow linewidth of the transition allows for the atoms to be selectively excited from

the bottom of the trap if the differential trap depth is larger than the linewidth. The
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lifetime of the narrow transition is long enough to satisfy the third condition if the trap

frequencies are larger than the linewidth. The atom will then more likely decay near

the motional turning point, away from the center of the trap.

2.4.2 Optimal cooling

To investigate the performance of our cooling/imaging technique and �nd optimal

cooling parameters, we measure the temperature by the release and recapture method

[75]. We switch the tweezers off, wait a time t release before turning them back on again,

and then image the atoms to determine their survival fraction. Atoms are lost quicker

when they are hotter. The temperature is determined by comparing the survival frac-

tion for several values of t release with Monte-Carlo atom trajectory simulations [32, 75].

To characterize cooling performance, we start by preparing a sample and detecting

which tweezers contain an atom (see Sec. 2.3). We then cool for a timetcool and perform

release and recapture. Next, we cool the array again before taking a �nal image to see

which atoms survived and calculate the survival fraction.

The results of such measurements under optimal cooling conditions for three tcool

are shown as examples in Fig. 2.2(a). The �rst measurement is taken directly after the

�rst image ( tcool = 0 ms, red circles). The second brie�y cools the atoms (tcool = 2 ms,

green squares). The third approaches the asymptotically coldest achievable tempera-

ture by using a long cooling time ( tcool = 20 ms, blue triangles).

Comparing this data with release and recapture simulations yields a temperature

of approximately 1.8 � K (dashed line in same �gure) for an optimally cooled atom

(tcool= 20 ms), which is consistent with a temperature near the radial motional ground

state energy of roughly T = ~!
2kb

s 1.1� K for our trap depth [75]. The release and

recapture simulations are based on classical trajectories and could lead to an overes-

timation in the temperature as the atom approaches the motional ground state of the

trap. Therefore we take this temperature estimate as an upper bound.

To optimize cooling, we vary cooling light frequency or intensity while keeping

t release= 60� s and tcool = 20 ms �xed. Figure 2.2(b) shows an example of such a mea-

surement for which the detuning is varied. As explained in Sec. 2.4(C), the imaging

process is also interlaced with brief cooling phases. Here we vary the cooling fre-

quency both during the period tcool and during the brief cooling stages interlacing the

imaging process. We �nd the highest recapture fraction, and therefore optimal cooling,
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FIGURE 2.2: (a) Temperature measurements using the release and recap-
ture method for three different cooling times, tcool, after taking an image.
The red circles show an atom directly after an image ( tcool = 0 ms), green
squares show a brie�y cooled atom ( tcool = 2 ms), and blue triangles show
an optimally cooled atom ( tcool = 20 ms). Error bars show the standard de-
viation calculated over the 36 atom array. All other errors fall well inside
these error bars. The dashed (solid) lines show the results of Monte Carlo
simulations for temperatures of 1.8 � K (3 � K) respectively. As discussed
in Sec. 2.4(C), we use an interlaced imaging/cooling technique that ends
with 1.5 ms of cooling. The time tcool starts after the �nal 1.5 ms of cooling
at the end of the �rst image, so tcool is the amount of additional cooling.
(b) Recapture fraction of a single atom versus the cooling frequency for
tcool = 20 ms and t release= 60� s. Here we vary the cooling frequency both
during the period tcool and during the brief cooling phases interlacing the
imaging process. The vertical line shown at -663 kHz indicates the ap-
proximate Stark shifted resonance of the cooling transition. (c) Average
motional quanta �n, obtained by numerical simulation, in dependence of
cooling light detuning at optimal intensity. The cooling transition is indi-
cated as in (b).
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for a frequency of � 775kHz from the free space resonance and an intensity of s 88 I sat

(Rabi frequency s 2� � 50kHz). Note that for frequencies blue of the Stark shifted res-

onance, atoms are heated out of the tweezer, causing the zero and one atom signals in

the histogram to merge. To still distinguish zero and one atom we keep the threshold

determined for histograms using optimal detection parameters (our 'standard' thresh-

old).

We compare the experimentally determined optimal parameters and the tempera-

ture with results of a numerical simulation of the cooling process. The simulation is

based on solving the steady state of a Lindblad master equation for a two-level atom

in a pair of 1D quantum harmonic oscillators (QHO), one for each internal state jgi ,

jei . The ratio of the QHO frequencies is given by ! g=! e =
p

� g=� e = 0:899, with � g;e

the dynamic polarizabilities at the tweezer wavelength. Choosing a traveling wave for

the Sisyphus cooling laser, the transition dipole moments between vibrational states

of different QHO's are calculated as deg hmj eikx jni , with jmi , jni the vibrational states

for internal states jgi and jei , respectively, and deg the transition dipole moment of the
1S0 - 3P1 transition.

We �nd the optimal parameters and the minimum temperature to be in good agree-

ment (10%) with the experimentally found ones. In Fig. 2.2(c) we show the number of

average motional quanta after cooling in dependence of detuning at optimum inten-

sity (all parameters of this simulation are given in Appendix C). At the minimum we

obtain �n � 0:25, which is in good agreement with measurements using sideband spec-

troscopy done by another group using the same cooling method [35, 57, 58].

2.4.3 Optimizing the imaging parameters

We now discuss the imaging procedure and optimize its parameters. In a �rst approach

we record the �uorescence of atoms while cooling. We �nd that the parameters that are

optimal for cooling lead to a low scattering rate. The rate increases if the imaging beam

frequency is chosen such that the atom is hotter. In the following we determine the

imaging frequency and intensity that lead to highest scattering rate. We then explore

a method to increase the fraction of atoms that survive imaging: interlacing imaging

with brief cooling stages.

The imaging frequency that leads to maximal scattering is found to be near the

Stark shifted resonance (trap bottom). The scattering rate increases with imaging beam
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intensity approaching the theoretical maximum of s 23kHz at our chosen operating

intensity I s 350I sat. Deviations of � 50%from this value have barely any effect on the

scattering rate where lower intensities than this range cause a detectable decrease in the

scattering rate away from the saturated regime. Higher intensities cause unnecessary

heating of the atom and excess camera background noise during detection. To clearly

distinguish one atom from zero atoms, we image for 90 ms (see Sec. 2.4(D)).

The scattering rate is maximized for different conditions than the ones leading to

optimum cooling. The optimum cooling frequency is not close to the Stark shifted

resonance, but approximately 2-3 radial motional sidebands to the red of the shifted

resonance. This behavior is consistent with the �uorescence being suppressed once

the atom is cooled and there are no longer motional quanta to remove, leaving the

laser off resonance. The optimum cooling intensity ( s 88I sat) is much lower than the

intensity used for imaging. Imaging is therefore accompanied by sub-optimal cooling,

leading to a higher equilibrium temperature than optimum cooling, and potentially to

higher atom loss.

We attempt to increase the fraction of atoms that survive imaging by interlacing

imaging with cooling pulses. A similar approach of interlaced imaging and cooling

was demonstrated for blue imaging in [45]. In order to determine how much cooling

is needed we execute a single imaging pulse with the full duration needed for reli-

able single atom detection (90 ms) followed by cooling. We estimate the temperature

change during cooling by measuring the recapture fraction for a release time of 60 � s,

see Fig. 2.3(a). Cooling proceeds quickly for a few milliseconds, then approaches the

steady-state for tcool & 8ms. This indicates that about 10% of the total imaging time

should be spent on cooling to maintain a low temperature.

To keep the temperature low during the imaging process, we interlace the 90 ms of

imaging time with eight cooling pulses of 1.5 ms duration, i.e. we alternate eight times

between 11 ms of imaging and 1.5 ms of cooling, each time changing frequency and

intensity. This is the standard imaging timing sequence for all images in this work,

unless stated otherwise. The duration of one cooling pulse was chosen to allow sig-

ni�cant cooling while not wasting time at a low scattering rate for marginal additional

cooling, see Fig. 2.3(a). The cooling pulse time is much longer than the timescales de-

termining a single Sisyphus cooling cycle (axial and radial trap period, excited state

lifetime, and inverse scattering rate) and allows the atom to scatter � 34 photons.

We now reoptimize the imaging frequency to maximize the fraction of detected
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FIGURE 2.3: (a) Determination of cooling time scale. After heating
the atoms for 90 ms with imaging light only (detuning of -675 kHz and
I s 350I sat), we cool them for the time tcool and then measure the sur-
vival fraction after release and recapture. We use a �xed release time of
t release= 60� s. (b) Detected atom fraction in a second image versus imag-
ing frequency. The cooling frequency is �xed at -775 kHz from free space
resonance of the1S0 - 3P1 transition. Red circles show data recorded using
imaging interlaced by 1.5-ms-duration cooling pulses using an optimized
duty cycle of 88% imaging and 12% cooling. Grey diamonds show data
recorded using imaging without interlaced cooling and instead a 12 ms
cooling stage at the end of the image. The detuning is plotted with respect
to the free space resonance of the1S0 - 3P1 transition. The vertical solid line
shows the approximate Stark shifted resonance of the transition. The inset
displays a vertical zoom onto the three points of best performance. The
point at -675 kHz shows the highest survival probability of 0.97(2).
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atoms using imaging interlaced with cooling. This fraction is measured by preparing a

sample of single atoms using interlaced imaging with optimized operating parameters

(see Sec. 2.3), and then determining how many atoms are also detected on a second

interlaced image in dependence of the imaging frequency used for that image, see

Fig. 2.3(b) (red circles). We also show the detected fraction without interlacing imaging

with cooling (Grey diamonds).

The best performance is reached for a detuning of -675 kHz from the free space res-

onance (-12 kHz from the Stark shifted resonance), with a detected fraction of 0.97(2).

We use this detuning for all images in this work unless stated otherwise. The bene�t

of imaging interlaced by cooling is that the survival probability is s 3% higher than

what we could obtain without interlaced cooling. This can be clearly seen in the inset

of Fig. 2.3(b) where we zoom in on the points of best performance.

At the points highlighted by the inset, the detected fraction of atoms in the second

picture is equivalent to the survival probability. However we speci�cally choose this

alternate label because the reduction in the detected fraction for higher and lower de-

tuning is due to different mechanisms. For blue detuning from the optimum value

(right hand side of the plot in Fig. 2.3(b)) the reduction is dominated by the probability

of an atom to be lost during imaging as evident from an increased variation in collected

photon number. The blue detuned light can heat the atom out of the tweezer before

suf�cient photons can be scattered for detection. In the region red detuned of the opti-

mum value (left hand side of the plot) the poor detected fraction is instead dominated

by insuf�cient scattering rate as evident from a decreased average number of collected

photons. The reduction in scattering rate also leads to the drastically increased error

bars at further red detuned frequencies. For frequencies more than 50 kHz away from

optimum the zero and one atom signals merge. Again, we use our standard threshold

to distinguish zero and one atom.

We compare the temperature after our imaging process (which ends in a 1.5 ms

cooling stage) to the one obtained after a long cooling time (20 ms additional cooling)

using release and recapture measurements, see Fig. 2.2(a). Directly after the imaging

process the data is well described by a simulation assuming 3 � K (red circles and solid

line). This is not much above the temperature obtained after long cooling of about

1.8� K (blue triangles and dashed line).
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2.4.4 Detection �delity, survival probability and minimum tweezer

depth

To distinguish tweezers containing one or zero atoms on �uorescence images we use

a photon count detection threshold. We now illustrate this method and determine the

optimum detection threshold and the detection �delity. We measure the fraction of

atoms that survive imaging and discuss its dependence on tweezer trap depth. Finally,

we compare the lifetime of atoms under cooling and imaging conditions.

Figure 2.4(a) shows a histogram of the number of collected photons in a tweezer

ROI, where the average offset from background photons and camera noise is sub-

tracted. Two distinct peaks are visible: one around zero photons, corresponding to

no atom in the tweezer, and another around 50 photons, corresponding to the �uo-

rescence count of a single atom. As is standard procedure [30, 32, 34, 44, 46, 76, 77],

we postulate that an atom is present if the photon count is above a detection thresh-

old, marked as dashed vertical line in the histogram. It may happen that randomly

very few photons are scattered despite an atom being present in the tweezer or vice

versa, leading to a wrong detection result. The detection �delity is the probability

of the detection to be correct. We determine it by calculating the overlap between a

skewed Gaussian (�t to the zero atom peak) and a Gaussian (�t to the one atom peak)

following the procedure outlined in [77]. As a double check, we calculate the �delity

following the procedure outlined in [45], which does not rely on �tting the histogram.

Both methods agree within our quoted uncertainty. Using the detection threshold as

an optimization parameter, we obtain a maximum detection �delity of 0.9991(4) for a

135(20)� K trap depth.

The duration of images can be decreased to 50 ms with only a small loss in detec-

tion �delity (�delity reduced to 0.985). The loss is dominated by misidentifying a �lled

tweezer as empty at the optimal threshold, and is limited by background light on the

camera and not by camera electronic noise. In particular the stray light of the repump

lasers contributes to misidenti�cation (the band pass �lter in front of the camera insuf-

�ciently �lters their light). In fact, we obtain a better detection �delity without using

the repump lasers, also because optical pumping to metastable states happens rarely

during imaging for our optical tweezer intensities. This is the reason why we do not

use the repump lasers during our imaging process for shallow traps.

To determine the probability of an atom to survive the imaging process we record
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FIGURE 2.4: (a) A histogram showing �uorescence photon counts from
ROIs around single tweezers during imaging. This histogram combines
the results of 1000 experimental runs using a 6� 6 tweezer array. The clear
separation of the peaks highlights the uniform scattering over the array.
The EMCCD counts per ROI have been converted to the number of in-
cident photons. We use a bin size of 0.79 photons (150 EMCCD counts).
The dashed line indicates the threshold separating the 0 atom peak (left)
from the one atom peak (right). The EMCCD camera has a quantum ef-
�ciency of 92 % at 689 nm. Fluorescence is collected for 100 ms during
which we perform 8 cycles consisting of 11 ms of imaging light followed
by 1.5 ms of cooling light. (b) The survival fraction versus the time spent
under optimized imaging cycles (red circles) and under optimal cooling
(blue triangles). The dashed lines show �ts to the data (see text).
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two images in sequence. The probability to detect an atom on the second image if it

was present on the �rst is 0.97(2).

The trap depth can be reduced to 99(15)� K without sacri�cing detection �delity.

However, once the tweezer trap depth is decreased below the s 135� K level, the chance

of recovering the atom on a second image starts to decrease. For example we measure

a decrease in survival probability to 0.926(65) for a trap depth of 99(15) � K.

Survival probability is reduced for trap depths below s 135� K because one of the

Sisyphus cooling criteria outlined in Sec. 2.4(A) is not met. For such low trap depths,

the excited stateaxial trap frequency becomes lower than the natural linewidth of the

transition ( s 7:4kHz). When the axial trap frequency becomes that small the cooling

process does not suf�ciently compensate �uorescence recoil heating in the axial direc-

tion. This is supported qualitatively by our Sisyphus cooling simulation when we set

the trap frequency to the axial value. As the trap frequency is varied to lower values,

we see that cooling quickly deteriorates for values below the natural linewidth. This

analysis also shows there is still something to be gained in cooling performance from

a higher axial trap frequency.

The fact that Sisyphus cooling works for higher trap depths highlights the ability

of the single radial cooling beam to remove energy from all directions simultaneously.

Imaging at even lower trap depths could be achieved by using closer to spherically

symmetric potentials as those in [36] or in a 3-D lattice [56], allowing reliable imaging at

even lower trap depths. Already the achieved trap depth of 135 � K for reliable imaging

is three times less than obtained with blue imaging in 813-nm tweezers [32], making

it possible for us to obtain three times more tweezers for a given 813-nm laser source

power. We note that [44] uses similar trap depths (200 � K) to those in our work albeit at

a different tweezer wavelength of 515-nm. At this wavelength and with the higher NA

microscope objective used in [44], much higher trap frequencies are obtained. Because

of this, we predict that in such a system a similar reduction in trap depth should be

possible.

In Figure 2.4(b) we show the survival probability over time thold when continually

imaging or when just cooling. For these long measurements we turn on the repump

lasers and close the atomic beam shutter. We �t the data by e� (t=� ) �
, where � and � are

�t parameters. For continual imaging cycles the �t provides � =1 and a 1/e lifetime of

� =79(3) seconds, allowing for hundreds of pictures to be taken of a single atom. This

decay of the survival fraction is equivalent to pN
1 , where N is the number of elapsed 100
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ms long images and p1 = 0:9986(4)[32]. For continuous cooling the �t provides � =0.8

and � =116(5) seconds. The deviation from a pure exponential decay might be due to

slowly improving vacuum quality over the course of each measurement, triggered by

the atomic beam shutter closure. When analysing individual tweezers, we �nd that

some tweezers have the same lifetime under cooling and imaging conditions.

The discrepancy between the value of p1 and our quoted survival probability for a

single image is still unknown to us, however we hypothesize a few causes. One cause

might be the slowly improving vacuum as mentioned above. Another might be tech-

nical issues during the process of recording an image. Such an image recording error

would not contribute much to p1, as images are only recorded at the beginning and

end of N imaging durations. If such hypotheses are true, p1 would be the more accu-

rate value for the survival probability and achievable for single pictures with technical

improvements.

The �nite lifetime can have a variety of origins. We verify that the temperature of

the atoms stays constant under both investigated conditions, excluding a slow process

heating the atoms out of the trap. We �nd that the lifetime depends on the vacuum

quality, as lifetime degrades over months and increases to the values stated above only

after �ashing titanium sublimation pumps. The decrease in lifetime from cooling to

imaging conditions for most tweezer sites indicates that the small trap depth variation

between tweezers of 3% make it impossible to optimize cooling and imaging for all

tweezers.

We observe day to day changes of the survival probability originating from drifts

away from ideal conditions, in particular magnetic �eld drifts. Magnetic �eld drifts

on the s 20 mG level affect the single image survival probability signi�cantly ( s 2%

reduction).

2.5 Site selective imaging

Our imaging technique provides an additional advantage. Using an easily achievable

differential Stark shift, one can tune a certain tweezer out of resonance with the imag-

ing light used for the rest of the array. This allows for selective imaging of either the

remaining tweezers of the array or of the single shifted tweezer. The ability to selec-

tively readout a single atom from the array is a necessary step for error correction in

many quantum computation algorithms [78, 79].
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To demonstrate the ability to select (or dark out) an atom from the image, we use a

tweezer created by the crossed AODs to create a deeper potential for a single tweezer

site in a 3� 3 tweezer array. To characterize site selective images, we record four con-

secutive images in one experimental run, see Fig. 2.5. The �rst image (Fig. 2.5(a)) is

taken directly after single atom preparation, as described in Sec. 2.3. The AODs are

then turned on for the second and third image (Fig. 2.5(b,c)), in which we image the

single shifted tweezer and the rest of the array respectively. To record atoms in the

shifted tweezer, we increase the imaging detuning to -2 MHz (i.e. 1.325 MHz to the red

of the usual imaging detuning). In the fourth image we turn off the additional tweezer

and again image the entire array (Fig. 2.5(d)).

We can image the single site such that it is detected in image two with a survival

probability of 0.96(2), and never appears in image three. Moreover, the entire atom

array survives this 'dark out' measurement with a probability of 0.95(2).

The lower survival probability, in comparison to the value obtained in Sec. 2.4, is

due mainly to worse balancing of the trap intensities for the nine trap array used for

this measurement. Here the traps were only balanced to about 7%(the value we tend to

get from calculated phase patterns before any additional balancing is performed). This

variation is larger than the frequency tolerance that we see for our imaging process of

about 3:8% i.e. a 12.5 kHz frequency difference for our Stark shift. Additionally, the

cooling frequency and intensity in the deeper single tweezer were not fully optimized.

We note that the AC Stark shift chosen here is too small to fully protect quantum in-

formation of the remaining atoms but provides an initial proof of concept. However a

stronger AC Stark shift, on the order of 20 MHz, could make this feasible.

2.6 Conclusion

In conclusion, we have demonstrated the detection of single Sr atoms in shallow tweez-

ers with high �delity (0.9991(4)) and survival probability (0.97(2)). Detection is based

on imaging on the red, narrow linewidth 1S0 - 3P1 (jmj j = 1) transition. We show that

with proper frequency and intensity modulation a high scattering rate can be main-

tained while keeping the temperature of the atoms low.

Our red imaging technique works for a wide range of trap depths, and for shallow

traps, red imaging is advantageous over blue imaging. We need slightly ( s 2-fold)

increased imaging times (100 ms instead of 50 ms) in comparison to blue imaging on
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FIGURE 2.5: Site selective imaging using an additional tweezer to apply
a differential Stark shift to one tweezer. (a) A �rst image is recorded to
check loading. (b-c) After turning on the AOD tweezer on top of the cen-
ter tweezer, we image �rst only the center tweezer and then the rest of
the array by using respectively appropriate imaging and cooling detun-
ings. (d) When the AODs are turned off, all traps are visible in a �nal
image using the normal imaging detuning. The images show the average
�uorescence from 300 experimental realizations.
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the broad linewidth 1S0 - 1P1 transition in deep traps (450 � K depth) [32]. However, in

shallow traps blue imaging is limited by the cooling rate, leading to excessive imaging

times in comparison to red imaging [56].

In contrast to blue imaging, red imaging avoids optical pumping of ground state

atoms into the metastable states (via1D2). Imaging in shallow traps reduces off-resonant

scattering of trap light by metastable state atoms (3P0;2), leading to longer coherence

times. Red imaging in shallow traps combines both advantages and enables high-

�delity shelving into metastable states for state speci�c detection or clock readout.

We show that, with a small additional Stark shift, we can isolate a single tweezer

of the array from the imaging process. This allows us to selectively image (or hide) a

single atom of the array. Through application of a bias �eld of s 50 G, this selective

imaging technique could be further extended to state-selectiveimaging for hyper�ne

ground states in the fermionic isotope. This opens the possibility of imaging more

than two hyper�ne ground states without disturbing the others. This will be a useful

tool for quantum simulations or qudit style quantum computing [41, 80, 81].

It should be possible to extend red imaging to situations beyond the speci�c one

examined here. The small potential wells containing the atoms can also be created by

optical lattices, or other tightly con�ning dipole traps, making it possible to use the

technique in quantum gas microscopes or 3D lattice clocks. This detection technique

should work at nearly all tweezer wavelengths where one of the mJ states of 3P1 is

stronger trapped than the ground state. In particular, using 515-nm tweezers would be

an appealing option. This is because red imaging avoids the leakage channel through
1D2 from which blue imaging suffers [30, 44]. Tweezers at this wavelength are also

likely to trap most Rydberg states [60, 61, 82]. The large polarizabilities at this wave-

length, small diffraction limit of the tweezer light, and shallow required trap depth of

red imaging would allow for the creation of � 1000strontium atom tweezer arrays

with current laser technology.
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2.7 Appendix A: Experimental Sequence

We utilize a unique technique for loading our narrow linewidth MOT in order to create

optical access for the microscope objective. First,88Sr atoms from an s 500� C oven are

slowed using a Zeeman slower operating on the 2 � � 30 MHz wide 1S0 - 1P1 transition

at 461 nm. The slowed atoms are then further cooled and compressed by a four beam

'blue' MOT, also using the 1S0 - 1P1 transition, in a 3D quadrupole �eld to milli-Kelvin

temperatures. This blue MOT consists of two sets of retro-re�ected beams ( 1=e2 waist

of s 12 mm) that are perpendicular to each other and horizontal. Refraining from im-

plementing the usual third MOT beam pair allows us to place the microscope objec-

tive along the gravity axis without complications from that beam pair, as shown in

Fig. 2.6(a). This blue MOT is an incomplete trap as it provides no con�nement against

gravity. However the blue MOT is able to quickly cool and con�ne the atoms in the

horizontal plane, which comprises the only dimension along which atoms entering

from the Zeeman slower are fast. A signi�cant fraction of atoms are then trapped in

the quadrupole magnetic �eld (52 G/cm gradient in the axial direction, which is ver-

tical) of the MOT by optical pumping to low-�eld seeking states of the 3P2 manifold.

This optical pumping is naturally happening when atoms rapidly scatter MOT light

and decay from 1P1 through the 5s4d 1D2 state to 3P2.

After quadrupole trap loading, all blue lasers are switched off and the magnetically

trapped atoms are repumped back to the ground state, using a 497 nm laser resonant

with the 3P2-3D2 transition. Simultaneously the quadrupole �eld gradient is reduced

to 0.63 G/cm in the vertical direction. The atoms are then loaded into a �ve beam

narrow linewidth "red" MOT operating on the 1S0 - 3P1 transition. Four of the �ve red

MOT beams are overlapped with the blue MOT beams and the �fth beam ( 1=e2 waist

of s 6 mm) is propagating vertically upwards.

There is no need for a downwards propagating beam because the upward radia-

tion pressure force is limited by the narrow linewidth and the MOT quadrupole �eld
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FIGURE 2.6: (a) Detailed sketch of crucial elements of the experimental
setup. The arrow from the left indicates the beam of slowed atoms from
the oven. The Zeeman slower and repump beams are shown in blue. The
horizontal, overlapping blue and red MOT beams are shown in purple.
An additional vertically upwards propagating red MOT beam (shown in
pale red) provides con�nement against gravity. The initial and �nal red
MOT positions are shown as intense red spots. The red MOT is moved
vertically 1 cm into the focus of the microscope objective. The 679 nm
and 707 nm repump lasers co-propagate with the cooling/imaging beam.
(b) Schematic of the tweezer setup. The main tweezer array is gener-
ated using an SLM. An additional tweezer can be created using a pair of
crossed AODs. The SLM and AOD tweezers are combined using a polariz-
ing beam splitter. Both systems are imaged through an NA= 0.5 objective
onto the atoms. Fluorescence light from the atoms is separated from the
tweezer light using a long pass dichroic mirror. The �uorescence is then
sent onto an EMCCD camera (Andor Ixon 897). (c) Experimental sequence
(numbers in brackets give time spans in ms). The �gure uses acronyms for
blue MOT (B MOT), broadband red MOT (BBR MOT), single frequency
red MOT (SFR MOT) and light-assisted collisions (LAC).
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to a small phase-space region. This force is counter-balanced by gravity. The atoms

settle into a cloud on the lower part of a shell of equal B-�eld magnitude below the

quadrupole centre. This shell is de�ned by the detuning of the MOT beams being

equal to the Zeeman shift induced by the B-�eld. This trap scheme again does not

need a beam going through the microscope objective.

The red MOT beams are initially frequency modulated in order to create a comb of

frequencies from � 60 to � 3000kHz detuning with 20 kHz spacing. The modulation

range and intensity of this broadband red MOT are decreased over 181 ms, while a

bias �eld of s 0.6 G against gravity is ramped on, raising the atoms by 1 cm, from

the centre of the vacuum chamber to the focal plane of the microscope objective, by

shifting the center of the quadrupole �eld. An additional small bias �eld produced

by three orthogonal coil pairs is ramped while the MOT position is raised and used to

�nely position the red MOT onto the tweezer array. The frequency modulation is then

switched off and single frequency red MOT beams, with a detuning of � 100kHz and

intensity of 8 I sat, are used to load the tweezers.

We optimize all parameters of the experiment up to this point on achieving the

desired red MOT atom number in a reliable way and in a short time. We �nd that for

MOTs (with our selected detuning) of 5 � 104 to 3� 106 atoms, the entire tweezer array

can be loaded with � 1 atom per site, where on the low end we get slightly below

unity �lling. On the high end the high density of atoms in the tweezers leads to less

than half of the tweezers being �lled with atoms, presumably because of additional

non-pairwise losses during the light-assisted collision step. Because of this robustness

to atom number �uctuations, we load the magnetic reservoir for a variable amount of

time at the end of an experimental sequence (s 200ms). The exact time is determined

by the need to store data of the last run on the data analysis computer and the need

to prepare the next experimental sequence in the experiment control computer. This

procedure creates a MOT of approximately 5 � 105 atoms at a temperature � 1:5� K in

the focal plane of our objective.

Slightly before the MOT is switched to single-frequency operation, the tweezers

are switched on, see also next Appendix. After the red MOT has reached its �nal

position we wait for 50 ms to load the tweezers. Then we switch off the MOT lasers

and quadrupole �eld, and ramp the bias magnetic �elds to 0 G at the position of the

tweezers.

Single-atom detection only worked properly once we spectrally �ltered the 689-nm
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laser light used to induce �uorescence. The source of all 689-nm light is an exter-

nal cavity diode laser (ECDL) that is short-term stabilized on a reference cavity with a

linewidth of 35 kHz, which in turn is long-term stabilized (in length) on a spectroscopy

signal. Light from the ECDL is ampli�ed by injection locked lasers and then used on

the experiment. Initially we used light from the ECDL directly to inject the amplify-

ing diodes. This ECDL light is spectrally broadened by servo bumps from the locking

electronics and ampli�ed spontaneous emission and we found it impossible to pre-

pare and detect single atoms. We then used the light that is transmitted through and

therefore �ltered by the reference cavity to inject the amplifying diodes, allowing us

to achieve the single atom preparation and detection results presented here. The red

MOT behavior did not noticeably change when switching from un�ltered to �ltered

light.

The light used for light-assisted collisions, imaging, and cooling is sent onto the

tweezer array via a single beam with a polarization perpendicular to both the tweezer

propagation axis and the tweezer polarization, and a 1=e2 waist of s 1 mm. We �nd

robust single atom preparation of s 50% for a detuning of approximately � 100kHz

from the Stark shifted resonance (-750 kHz from free space resonance). We change the

intensity of the beam from low ( I s 88I sat for 10 ms) to high ( I s 700I sat for 150-

200 ms) then back to low (I s 88I sat for 10 ms) in order to cool the loaded atoms into

the tweezer, induce light-assisted collisions [30, 69], and cool the single atom before

taking the �rst image of an experimental run.

2.8 Appendix B: tweezer creation

The 813.4-nm laser light used for the optical tweezers in our experiment is generated

by an external cavity diode laser, which is ampli�ed to 1.7 W using a tapered ampli�er

(TA). The output of the TA is divided into two optical paths, a main path to create the

tweezer array using an SLM (Meadowlark P1920 1920� 1152) and a second path for

a movable tweezer using AODs (AA opto-electronic DTSXY-400-800), see Fig. 2.6(b).

The main output path is sent through a dispersive prism in order to �lter out any

ampli�ed spontaneous emission from the TA and is then sent through an acousto-optic

modulator for intensity control before being coupled into a �bre. The second path is

sent without further �ltering into an optical �bre.



32
Chapter 2. Narrow-line imaging of single strontium atoms in shallow optical

tweezers

The optical tweezers are created by imaging an array of beams through a micro-

scope objective (NA= 0.5, Mitutoyo 378-848-3). An almost arbitrary and stationary

pattern of tweezers is created using the SLM. In order to calculate the phase pattern

of the desired tweezer pattern we use the weighted Gerchberg-Saxton algorithm [83].

The phase imprinted onto the incident beam by the SLM is a sum of phases including

the tweezer array pattern phase, a lens phase to Fourier transform the phase to a real

image, a grating phase to separate the zeroth order, and a factory correction phase.

The sum of these phases creates an array of focis 180 cm from the SLM. This array

is imaged through the microscope objective (effective focal length f = 4 mm) with

a �eld lens of f = 500 mm taking care that the array of beams is conjugated onto

the aperture of the microscope objective. In this work all results shown have been

performed with the SLM creating a square 6 � 6 array of tweezers unless otherwise

noted.

Additional balancing of the tweezer trap depths can be achieved by �ne tuning the

SLM pattern. As a �rst step we spectroscopically measure the depth of each tweezer

by inducing heating on the 1S0 - 3P1 (mj = 0) transition, which is weaker trapped than

the ground state. The loss feature is then �t with a Gaussian, and the center frequency

is extracted for each tweezer. The detuning of this frequency from the free-space reso-

nance is proportional to the tweezer intensities. The amplitude of each tweezer, in the

pattern to be calculated, is then weighted based on these measured center frequencies.

The tweezer phase pattern is then recalculated using these new weights. This proce-

dure allows us to balance the trap depths across the 6� 6 array to a standard deviation

of approximately 3% [30, 75, 76]. This procedure was not executed for the 3� 3 array

used in Sec. 2.5.

We characterize the depth of our tweezers using spectroscopic method explained

above. The error in our trap depth determination has two sources. The choice of either

the blue edge frequency or center frequency, based on if a purely thermally broadened

line shape or a purely power broadened line shape is �t respectively, provides 15 � K

of error [30]. An additional 5 � K uncertainty comes from the 3 % standard deviation of

the optimized SLM pattern. For the tweezers used throughout the paper, we estimate

a waist of s 0.84� m and an optical power on the atoms of s 2.33 mW per tweezer.This

is in good agreement with our externally measured waist of s 0.78� m. The microscope

transmission is also characterized externally to be s 36%.
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The AC Stark shifts depend not only on the light intensity, but also on the polar-

ization of the light and the magnetic �eld. To zero the magnetic �eld, we collect �uo-

rescence induced on the1S0 - 3P1 (mj = � 1) transitions from many atoms trapped in a

tweezer. We assume the frequency with the maximum �uorescence to be near the bot-

tom of the trap. We then apply B-�elds along each Cartesian axis separately and look

for the zero crossing point where a single �uorescence feature can be seen in the scan

of imaging frequency. We measure the tweezer polarization to be linear directly before

the microscope objective, and with zero B-�eld see that the measured lines are in good

agreement with our polarizability calculations for linearly polarized tweezers ( � (1S0)=

286 a.u.,� (3P1 (jmj j = 1) )= 355 a.u., and� (3P1 (mj = 0) )= 199 a.u.). We note that a more

robust characterization of the trap depth would also include trap frequency measure-

ments as those in [30, 35, 44, 45], but we have not yet performed such measurements

due to either lack of the required laser or technical limitations in our system.

An additional tweezer (or tweezers) can be created using a crossed pair of acousto-

optic de�ectors (AODs) whose position in the focal plane can be controlled through ra-

dio frequency tones sent to the AODs. Unlike the SLM's slow refresh rate, this tweezer

can move at speeds suf�cient for sorting atoms into defect free arrays, or for quickly

applying an additional tweezer for isolating one tweezer from the rest of the array (see

Sec. 2.5).

2.9 Appendix C: Sisyphus cooling simulation parameters

For the Sisyphus cooling simulation we consider a trap depth of kB � 135� K = h �

2:8MHz. For our estimated waist of 0.84 � m, this gives a radialtrap frequency of 43kHz

for the ground state. We calculate the 1S0 (� g) and 3P1 (jmj j = 1; � e) polarizabilities

to be 286 a.u. and 355 a.u. respectively. For the results presented in Fig. 2.2(c), we

use a Rabi frequency of 2� � 42kHz. We include 15 harmonic oscillator levels in our

calculation.
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3.1 Polarizability in the presence of a magnetic �eld

In the past few decades, optical dipole traps have become a powerful tool for ultracold

atom experiments. These traps rely on interaction between atoms and a far off resonant

laser. The potential created by the interaction of an atom and an oscillating electric

�eld, such as those of a continuous wave laser, is referred to as the AC Stark shift,

the optical dipole potential or simply the light shift [3, 84, 85]. The dipole potential

was �rst used to trap atoms in 1986 by Chu et al. [6], where a single strongly focused

Gaussian laser beam tuned to far below the D1 resonance in sodium is used to trap

sodium atoms.

For a given internal state of the atom, the radial potential 1 of an optical dipole trap

created by a single focused laser beam can be calculated using the expression

U0 = �
1

2� 0c
I 0(r )� (� L ) = �

PL

� 0c�w 2
0
e� 2r 2=w2

0 � (� L ); (3.1)

where � 0 is the vacuum permittivity, c is the speed of light, I 0(r ) is the intensity of the

trapping laser, r is the distance from the center of the focus, � (� L ) is the polarizability

of the atomic state at the trapping laser wavelength ( � L ), PL is the laser power, w0 is the

waist of the tweezer beam2. The polarizability is the proportional constant between

light intensity and light shift. It is related to the detuning from atomic transitions of

the state of interest and the polarization of the light. For the ground state of alkali and

1For the axial potential, the expression in Eqn. (3.1) changes the intensity pro�le from the Gaussian
focus to the evolution along the propagation of the beam using instead I 0(z) / 1 + ( � L z=�w 2

0)2, where
� L is the trapping laser wavelength.

2The polarizability is most often reported in atomic units. The conversion factor 4�� 0a3
0 can be used

to convert from atomic units to SI units (F m 2)).
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alkaline-earth atoms, considering the effect from the most dominate transition gives a

reasonable estimation of the strength of the polarizability, however for excited states

where there are many transitions of similar lifetimes, a more detailed calculation is

needed [85]. Here, we will outline a technique for calculating the polarizability for

different states of strontium. We will compose a polarizability operator, which will

be used to calculate of the polarizability of the sublevels of a desired internal state.

For completeness, we will refer to the Hamiltonian consisting of this operator and the

prefactors in Eqn. (3.1) at r = 0 as the light shift Hamiltonian.

Atomic state sublevels can also be shifted by external magnetic �elds. This is

known as the Zeeman Effect. The shift of the sublevels of a given atomic state by mag-

netic �elds provides an extra tuning knob for changing the energy of the sublevels.

Separating these sublevels in energy allows for the use of unique laser frequencies

and intensities for addressing different sublevel transitions between two atomic states.

This is very useful for forming complex atom-light coupling Hamiltonians for use in

quantum simulation and computation, such as in the example outlined in Section 3.4.

We brie�y introduce the Zeeman Hamiltonian, which will be used for determining the

splitting between internal sublevels, focusing mainly on the triplet 3P1;2 states.

In optical tweezers, the Zeeman shift of magnetic sublevels at small magnetic �elds

on the order of a few Gauss and the light shift from the tweezer laser can be similar.

This similarity in energy scales makes it important to include the light shift Hamilto-

nian and Zeeman Hamiltonian in the determination of energy shifts, because the total

energy shift can be signi�cantly altered compared to simply adding up the effect of the

individual Hamiltonians. However, in general the eigenstates of the Zeeman Hamil-

tonian are not the same as those of the light shift Hamiltonian. Therefore, the Zeeman

shifts and light shifts are not additive. Small changes to the shift can have adverse

effects on certain processes like cooling or could affect our trap depth characteriza-

tion, see Section 2.8. However, the combined shift can provide a useful tool for tuning

two internal states of an atom to a so-called magic condition where the energy of the

two states is equal and �rst-order insensitive to variations of laser intensity or mag-

netic �eld amplitude [34, 44]. The usual approach for calculating the polarizability is

to decompose it into scalar, tensor, and vector contributions. Here we use a different

method for calculating the polarizability that is more practical for combining with the

Zeeman shift.
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This section is outlined as follows. First we will describe a tensor method for calcu-

lating the polarizability for the bosonic ( 88Sr) and fermionic ( 87Sr) isotopes of strontium.

Second, we will brie�y outline the Zeeman Hamiltonian, again for both isotopes. Third

we will conclude with some speci�c results, including results for ellipticity tuning of

the polarizability, magic angles between the magnetic �eld and tweezer polarization,

and magic wavelength estimations for the 1S0 - 3P2 transition [40].

3.1.1 Polarizability

To calculate the polarizability, we use the method outlined in [86] adapted to strontium.

We start by de�ning polarization unit vectors in the Cartesian basis,

~u� � =
1

p
2

0

B
@

1

� i

0

1

C
A ;~u� + =

1
p

2

0

B
@

� 1

� i

0

1

C
A ;~u� =

0

B
@

0

0

1

1

C
A ; (3.2)

~ux =

0

B
@

1

0

0

1

C
A ;~uy =

0

B
@

0

1

0

1

C
A ;~uz =

0

B
@

0

0

1

1

C
A ; (3.3)

where we have chosen our basis such that~u� = ~uz, de�ning this as the quantization

axis, which will be a convenient choice later when a magnetic �eld along the z-axis is

introduced.

We can construct two additional unit vectors describing elliptical polarizations,

~u
 = (sin 
; � i cos
; 0); (3.4)

and for considering an angle between the linear polarization of a laser propagating

along the y-axis and a magnetic �eld oriented along the z-axis,

~u� = (sin �; 0; cos� ): (3.5)

The unit vector ~u
 is constructed such that the angle 
 represents the ellipticity of the

polarization, where 
 = 0; � �= 4; �= 4 are equivalent to linear 3 left hand circular, and

3The linear polarization at 
 = 0 is equivalent to the superposition of � + + � � , which is equivalent
to � -polarization in the absence of magnetic �eld.
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right hand circular-polarizations respectively. Here, we have arbitrarily chosen z as

the propagation axis of our tweezer and y as the major axis. The unit vector ~u� is con-

structed such that the angle � is the angle between a magnetic �eld de�ning the quan-

tization axis along z and the linear polarization of the trapping laser, which means the

relevant range of � is from � = 0 (parallel) to � = �= 2 (perpendicular). Here, we have

choseny as the propagation axis of the tweezer and z as the major axis for convenient

combination with the Zeeman Hamiltonian when a magnetic �eld is applied along the

z-axis. This second unit vector (~u� ) allows one to calculate the effect of a magnetic

�eld on the potentials of different excited state sub-levels in strontium as well as being

a valuable tool for �nding so-called magic angles between a B-�eld and polarization

where the differential light shift between two states vanishes [34, 44].

To use the de�ned polarization unit vectors to extract the proper polarizability

terms for the dipole allowed transitions, we must convert to a spherical basis. This

is done using

~esph = U� 1 � ~uCart =

0

B
@

1=
p

2 i=
p

2 0

0 0 1

� 1=
p

2 i=
p

2 0

1

C
A � ~uCart (3.6)

where we have chosen the basisf � � ; �; � + g for ~esph. These unit vectors allow for the

proper selection of matrix elements from the polarizability operator that we will con-

struct.

With the polarization unit vectors de�ned in spherical coordinates, we can now

begin to construct the polarizability operator. To calculate the polarizability we must

use the electric dipole operator, dq, to calculate the transition dipole moment (TDM)

for a given transition between two states, jJ; mi and jJ 0; m0i [87]. To calculate the TDM,

we can use the Wigner-Eckart theorem. This theorem allows for the decomposition of

any matrix element of an irreducible spherical tensor operator with respect to a jJ; mi

basis into the angular momentum vector space created by jJ; mi into the product of

two terms. One term is a Clebsch-Gordan coef�cient and the other is a common factor

shared by all matrix elements independent of angular momentum orientation. Using

the Wigner-Eckart theorem, we can express the TDM as

hJ 0; m0jdqjJ; mi =
1

p
2J 0+ 1

hJ 0kdkJ i CJ 0;m+ q
J;m ; (3.7)

where hJ 0kdkJ i is the reduced transition dipole moment (RDM) from initial state J to
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FIGURE 3.1: Illustration of the quantum numbers used in the polarizabil-
ity calculation. J and J 0 represent the �ne structure levels for the ground
and excited states of the atomic transition of interest. Each state contains
(2J +1) mJ sublevels;m and m0which are depicted for two different cases.
For case one (left most arrow), a pure � � polarization is displayed leading
to q = q0 = � 1 de�ning the levels m and m0as shown. For case two (right
two arrows), elliptical polarization leads to components of both � + and �
light resulting in q = 1 and q0 = 0 and de�ning m and m0as shown. Such
effects lead to off-diagonal terms in the polarizability matrix of Eqn. (3.11).

excited state J 0 in a.u., CJ 0;m+ q
J;m is the Clebsch-Gordan coef�cient for the dipole transi-

tion, jJ; mi ! j J 0; m + qi where q = ( � 1; 0; 1) corresponds to the light polarization of

(� � ; �; � + ) respectively, and m0 = m + q [87]. In Fig. 3.1, we have included a simple

diagram that helps to better illustrate these different quantum number.

From here we can calculate the polarizability operator for a given transition J ! J 0

using

�̂ q;q0(J; J 0; � ) =
1
�

� FS

�
jhJ 0kdkJ ij 2

2J 0+ 1
~� J 0 � ~� J

(~� J 0 � ~� J )2 � ~� 2
�

�
X

m

CJ 0;m+ q
J;m + q� q0CJ 0;m+ q

J;m � j J; m + q � q0i hJ; mj
(3.8)

where � FS is the �ne structure constant, ~� J 0;J are the energy of the respective states

expressed in cm� 1, and ~� � is the trapping laser wavelength also expressed in cm � 1

[86]. The prefactor, � = 5:29 � 10� 9 cm, allows for the energies ~� to be expressed

in cm � 1 while maintaining a.u. for the polarizability. This is a convenient choice for

using tabulated data such as from the NIST atomic database and other publications [30,

88, 89]. We have also introduced the term q0 for the explicit case where two different
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polarizations of light are present. Such situations can lead to a change in m by off-

resonant coupling as depicted in Fig. 3.1. This provides a polarizability tensor operator

of the form jJ; m + q � q0i hJ; mj with matrix elements

�̂ (4)
m i ;m f ;q;q0(J; J 0; � ) = hJ; m f j �̂ q;q0(J; J 0; � )jJ; m i i ; (3.9)

where mi and mf represent the initial and �nal mJ state of the atom respectively. This

provides a rank-4 tensor with indices mi , mf , q, and q0of size (2J + 1) � (2J + 1) � 3� 3.

The rank-4 tensor can be combined with the spherical basis polarization unit vec-

tors, with polarization given by Eqn. (3.6). This constructs a rank-2 tensor where the

different polarizabilities of speci�c sublevels can be extracted with the two indices mi

and mf . This rank-2-tensor is

�̂ (2)
m i ;m f

(J; J 0; � ) =
X

q;q0

e�
q � �̂ (4)

m i ;m f ;q;q0(� ) � eq0 = ~e �
sph � �̂ (4)

m i ;m f ;q;q0(J; J 0; � ) � ~esph; (3.10)

with size (2J + 1) � (2J + 1) . For pure � � , � , or � � polarizations, we have q = q0 and

mi = mf , but in the case of elliptical polarization or when an angle is present between

the quantization axis and polarization, this is not necessarily the case and we obtain

"Raman" coupling terms between two mJ sublevels of the sameJ in the polarizability

operator.

To calculate the total polarizability, we then take the sum of all contributions for

transitions from a given initial state J ,

�̂ m i ;m f ;tot (J; � ) = � other (J; � ) +
X

J 0

�̂ (2)
m i ;m f

(J; J 0; � ) (3.11)

where � J;other accounts for the grouped together contributions from all other non-dominant

transitions and the ionic-core polarizability. The latter is a small contribution consist-

ing of two factors, the polarizability of the ionic core and a small change due to the

presence of the valence electron [90]. These contributions are taken to be scalar, tend

to vary smoothly with wavelength, and are generally small in comparison to the other

transitions [30, 88, 89, 90]. We model� J;other as a function of the form

� other (J; � ) = a +
b

� � c
(3.12)
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with free parameters a; b; and c �tted to literature data listed as 'other' of transition

J [30, 88, 89]. We use additional literature data around our tweezer wavelength of

813.4 nm to optimize the results of the �t near this wavelength [34, 35, 36, 77]. The

uncertainty in this function is the dominant discrepancy between the values obtained

here and by other works mentioned, but this is usually below a few percent and even

lower when compared with numbers like differential shifts between internal states,

magic wavelengths, and magic angles [30, 32, 34, 35]. For the3P2 state the case is even

simpler since we have only a single value for the other and core contributions. In that

case� J;other (� ) is purely de�ned by a global correction a and is a leading source of any

possible error in our 3P2 calculations presented later. In Tab. 3.1, we present the values

of the free parameters for different internal states of strontium.

Eqn. (3.11) is a matrix whose eigenvalues can be seen as the polarizabilities of dif-

ferent mj levels of a given state J for our effective quantization axis. The polarizability

includes all contributions of higher excited states (and sublevels). The choice of polar-

ization unit vector used in ~esph allows for us to calculate the polarizability for different

polarizations including for elliptical polarizations using Eqn. (3.4).

State a [a:u:] b [nm � a:u:] c [nm]
1S0 [30] 11.57 45.88 470.61
3P0 [88] 25.2832 2173.54 322.64

3P1 [30, 34] 35.03 6011.86 355.61
3P2 [89] 46.8 0 0

TABLE 3.1: Fit parameters of � J;other (� ) for 1S0 and 3P0;1;2. The �t is done
using � expressed in nanometers. Reference data citations are presented
in the table for each state. These �ts are not necessarily unique and other
�ts could provide similar results. Aside from the references mentioned,
the �ts for 1S0, 3P0, and 3P1 were optimized around 813-nm to mimic the
reported differential shift results of other experiments [32, 34, 35].

Polarizability for 87Sr

To extend the calculation of the polarizability to 87Sr, where I = 9=2, we must include

the hyper�ne splitting induced by the nuclear spin plus spin-orbit coupling (Ĵ � Î ).

This can be by done using Condon and Shortley normalization for the reduced matrix
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element, which gives according to the Wigner-Eckart theorem

hF 0(J 0; I ); m0jd̂qjF (J; I ); mi = CF 0;m+ q
F;m hF 0(J 0; I )kd 
 1̂I kF (J; I )i ; (3.13)

where 1̂I is the unit operator acting on the nuclear spin subspace [86, 91]. This expres-

sion can be further reduced by using the coupling law for the reduced matrix element,

which gives

jhF 0(J 0; I )kd 
 1̂I kF (J; I )ij 2 = f F 0;F jhJ 0kdkJ ij 2; (3.14)

where

f F 0;F = (2 J 0+ 1)(2 F + 1)

�
�
�
�
�

(
F 0 I J 0

J 1 F

) �
�
�
�
�

2

(3.15)

is the relative oscillator strength for decay from jF 0i ! j F i [86, 91].

This allows for us to rewrite Eqn. (3.8) as

�̂ m i ;m f ;q;q0(F; J; J 0; � ) =
1
�

� F S

�
jhJ 0kdkJ ij 2

(2Je + 1)
~� J 0 � ~� J

(~� J 0 � ~� J )2 � ~� 2
�

�
X

F 0

X

m

f F 0;F CF 0;m+ q
F;m 0� q0CF 0;m+ q

F;m � j F; m + q � q0i hF; mj ;
(3.16)

where we have included the summation over all the hyper�ne excited state manifolds

[86]. The derived expression holds for detunings that are much larger than the hyper-

�ne splitting. In the case of a near resonant laser, it would be required to include the F 0

speci�c detunings into the summation, however this is only a minor correction in the

far-off-resonant conditions considered here. The same procedure as outlined above can

be used to calculate the rank-2 tensor product in Eqn. (3.10), and to calculate the total

polarizability �̂ m i ;m f ;tot (F; J; � ) in Eqn. (3.11), where the same �t values from Tab. 3.1

are used in Eqn. (3.12) for the� J;other (� ) contributions.

3.1.2 Zeeman Hamiltonian

For the simpler case of 88Sr where there is no nuclear spin, the calculation of the mag-

netic �eld shift is trivial. It can be written in the standard fashion

HB =
� B

h
gJ

~J � ~B; (3.17)
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where gJ ' 1.5 is the Landég-factor for both the 3P1 and 3P2 states and� B is the Bohr

magneton [92].

Calculating the Zeeman shifts for 87Sr is slightly more complicated. We brie�y out-

line the procedure used in [92]. The Zeeman interaction Hamiltonian in the presence

of a weak magnetic �eld B along the z-axis is given by

Hz = ( gsSz + gL L z + gI I z)
� B

h
B; (3.18)

where gs ' 2, gL = 1, and Sz; L z; I z are the z components of the electron spin, orbital,

and nuclear spin angular momentum, respectively, and h is Planck's constant [92]. The

nuclear spin g factor, gI , is calculated using the expression

gI =
� I (1 � � d)

� B
h jI j

: (3.19)

Here � I = � 1:0924(7)� N is the nuclear magnetic moment for 87Sr, where � N is the

nuclear magneton[93]. The diamagnetic correction is � d = 0:00345for 87Sr [92].

To extend the Hamiltonian to arbitrary �eld strengths for 87Sr we can consider the

hyper�ne and Zeeman interaction together using a spin-orbit mixed state basis [92].

Although we will only present the result of this process here, an interested reader can

see [92] for further details on this technique. In short it allows for us to write the total

Zeeman Hamiltonian as the sum of Eqn. (3.18), hyper�ne effects HA and quadrupole

effectsHQ.This gives

ĤZT = Hz + HA + HQ = Hz + A~I � ~J + Q
3
2
~I � ~J (2~I � ~J + 1) � IJ (I + 1)( J + 1)

2IJ (2I � 1)(2J � 1)
; (3.20)

where the values for A and Q can be found listed in Tab. 3.2 for the 3P1 and 3P2 states

[92]. Although not much work was done with fermions in tweezers for this thesis,

this Hamiltonian will be important for a few calculations considered in the following

(sub)sections. We brie�y look at the in�uence that a small magnetic �eld would have

on the trap depths of the 3P1, F = 11=2 sublevels in the following subsection as well as

later in 3.4, where diagonalization of this Hamiltonian is required to extract the proper

magnitude of the transition dipole matrix elements, since the mixing of hyper�ne lev-

els will depend on the magnitude of the magnetic �eld used.
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State A (MHz) Q (MHz)
3P1 � 260 � 35
3P2 � 212:765 67

TABLE 3.2: Quantities of A and Q in the total Zeeman Hamiltonian
(Eqn. (3.20)) for the3P1;2 states, taken from [92].

3.1.3 Polarizability results

Now that we have outlined the process for calculating both the polarizability and Zee-

man Hamiltonian, we can start to look at some results. We can substitute the total po-

larizability matrices, �̂ m i ;m f ;tot (J; � ) and �̂ m i ;m f ;tot (F; J; � ) for 88Sr and 87Sr respectively,

into Eqn. (3.1) to calculate the light shift Hamiltonian, giving

ĤE = �
4PL a3

0

cw2
0

�̂ m i ;m f ;tot (J; � ); (3.21)

and

ĤE = �
4PL a3

0

cw2
0

�̂ m i ;m f ;tot (F; J; � ); (3.22)

respectively, where we use the subscript E for electric �eld. Here, we have included

the conversion factor from a.u. to Joules (4�� 0a3
0) and use the peak intensity at r = 0.

Here we will present a few results for different states of interest. To keep the discussion

independent of trap power and waist, we will present all results as polarizabilities in

atomic units. The RDMs along with energies ~� J and ~� J 0 for transitions between initial

states J and �nal states J 0 can be found for the J � 1S0, 3P0, 3P1, and 3P2 states in

Tab. 3.3. We will use these values to evaluate the polarizability using Eqn. (3.11). We

will start with polarizability plots of different pure polarizations for the bosonic case.

We will continue with results for the fermionic isotope 87Sr. To �nish, we will consider

tuning the polarizability by varying the trap polarization ellipticity, which will enable

us to tune the polarizability.

Bosonic strontium polarizability

In Figure 3.2 the polarizability versus trapping wavelength is plotted for the 1S0, 3P2,

and 3P0 states of 88Sr and for pure � � , � + , and � polarizations. Looking at the plots

for � � , we see that close to the magic wavelength of the clock state, at 813.4 nm, there

is also a near magic crossing with the 3P2, mj = 0 sublevel. Such a magic wavelength
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Initial state ( J ) Final state (J 0) ~� J ~� J 0 RDME
5s2, 1S0 [30] 5s5p,3P1 0 14504.3 0.151

5s2, 1S0 5s5p,1P1 21698.5 5.248
5s5p,3P0 [88] 5s4d,1D2 14317.5 18159.0 2.607

5s5p,3P0 5s6s,3S1 29038.8 1.962
5s5p,3P0 5s5d,3D1 35006.9 2.450
5s5p,3P0 5p2, 3P1 35400.1 2.605
5s5p,3P0 5s7s,3S1 37424.7 0.516
5s5p,3P0 5s6d,3D1 39685.8 1.161
5s5p,3P0 5s8s,3S1 40761.4 0.302
5s5p,3P0 5s7d,3D1 41864.4 0.822
5s5p,3P0 5s9s,3S1 42451.2 0.270
5s5p,3P0 5s8d,3D1 43070.3 0.820

5s5p,3P1 [30] 5s2, 1S0 14504.3 0 0.151
5s5p,3P1 5s4d,3D1 18159.0 2.322
5s5p,3P1 5s4d,3D2 18218.8 4.019
5s5p,3P1 5s4d,1D2 20149.7 0.190
5s5p,3P1 5s6s,3S1 29038.8 3.425
5s5p,3P1 5s6s,1S0 30591.8 0.045
5s5p,3P1 5s5d,1D2 34727.4 0.061
5s5p,3P1 5s5d,3D1 35006.9 2.009
5s5p,3P1 5s5d,3D2 35022.0 3.673
5s5p,3P1 5p2, 3P0 35193.4 2.657
5s5p,3P1 5p2, 3P1 35400.1 2.362
5s5p,3P1 5p2, 3P2 35674.6 2.865
5s5p,3P1 5p2, 1D2 36960.8 0.228
5s5p,3P1 5p2, 1S0 37160.2 0.291
5s5p,3P1 5s7s,3S1 37424.7 2.657

5s5p,3P2 [89] 5s4d,3D1 14898.5 18159.0 0.603
5s5p,3P2 5s4d,3D2 18218.8 2.335
5s5p,3P2 5s4d,3D3 18218.8 5.538
5s5p,3P2 5s4d,1D2 20149.7 0.104
5s5p,3P2 5s6s,3S1 29038.8 4.508
5s5p,3P2 5s5d,1D2 34727.4 0.362
5s5p,3P2 5s5d,3D1 35006.9 0.462
5s5p,3P2 5s5d,3D2 35022.0 1.96
5s5p,3P2 5s5d,3D3 35045.0 5.00
5s5p,3P2 5p2, 3P1 35400.1 3.00
5s5p,3P2 5p2, 3P2 35674.6 5.12
5s5p,3P2 5p2, 1D2 36960.8 0.683

TABLE 3.3: Tabulated values of reduced transition dipole matrix elements
(RDMEs, in a.u.) for the ground state ( 1S0) and three metastable triplet
states of strontium (3P0;1;2) along with the energies (in cm � 1) of the initial
(J ) and �nal (J 0) states of each transition. The citation in which the values
for each state can be found is given after the �rst term of each state.
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FIGURE 3.2: Polarizability of the 1S0, 3P0, and 3P2 states of 88Sr for trap-
ping light with (a) � � -, (b) � + -, and (c) � - polarizations. The labels in the
bottom right corner are for all three graphs. In graph (c), the 3P2 mJ = +1
and mJ = +2 sublevels are degenerate with mJ = � 1 and mJ = � 2 sub-
levels respectively. Because of this, we only plot mJ = +1 and mJ = +2
sublevels for (c). We �nd a magic wavelength crossing between 3P0 and
3P2, mJ = 0 at 750 nm for � � polarized trapping light. For all polar-
izations, a magic wavelength is present between 3P0 and 3P2, jmJ j = 1
around 550-600 nm.
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could be useful either for direct interrogation of the 1S0 - 3P2 transition or for construct-

ing a qubit by off resonant coupling of the metastable 3P0 and 3P2 states [94]. For� �

and � + polarized light there exists a magic wavelength between 3P0 and 3P2, mj = 0

around 750 nm.

Another important state to know the polarizability for is the 3P1 state. The transi-

tion between this state and the ground state is used for cooling in all strontium tweezer

experiments, and in our case also for imaging [30, 32, 34, 44, 45, 46]. The narrow

linewidth imaging procedure that we have developed relies on one of the mJ sublevels

of 3P1 experiencing a stronger trapping potential than the ground state (see Chapter 2

for details). To �nd the wavelengths at which this occurs, we have plotted the polariz-

ability versus wavelength, again for all three pure polarizations, in Fig. 3.3. We see that

for the range of 700-900 nm and around 515 nm, one of themJ sublevels experiences a

stronger trapping potential than the ground state.

Fermionic strontium ( 87Sr) polarizability

We continue with presenting the results for the polarizability of 3P2 in 87Sr. For a few

theoretical projects, we were interested to know if a magic wavelength arose for the
1S0 - 3P2 transitions in strontium [41, 95]. At �rst thought, it would seem unlikely that

the tensor shifts for all the mF sublevels of a given 3P2 hyper�ne manifold would be

comparable to each other. Contrary to this expectation, we did �nd that such a con-

dition exists for the F = 11=2 manifold! In Fig. 3.4, we show the polarizability of the

the F = 11=2 manifold versus wavelength for � � , � + , and � polarizations. Coinciden-

tally, we see that for � -polarized light the mf speci�c shift nearly disappears over the

whole spectrum! The unexpected uniformity results from the summation of the dif-

ferent Clebsch-Gordan coef�cients in Eqn. (3.16). We see for all the cases withJ = 2,

F = 11=2, and � -polarized trap light, the allowed transitions ( J = 2 ! J 0 = (1 ; 2; 3))

have uniform polarizability for all mF sublevels. Interestingly, if we look at different

values of I , we see that this always happens for states with J = 2 and F = I + 1. Other

than this mathematical origin, we have no explanation for why this occurs, however it

could prove to be a useful tool in future experiments.

We predict two near magic wavelengths for 1S0 - 3P2 , F = 11=2around 517.7 nm and

881.7 nm. At these two wavelengths the polarizabilities of different mF levels have de-

viations of at most � 0:7%and � 1:1%respectively. The difference in deviation of these
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FIGURE 3.3: Polarizability for the 1S0, and 3P1 mJ sublevels for (a) � � , (b)
� + , and (c) � - polarization. For � -polarization, the mj = � 1 sublevels are
degenerate so only themj = � 1 sublevel is visible. The legend is valid for
all three graphs.
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FIGURE 3.4: Polarizability versus trapping wavelength for the 12 mF sub-
levels of the 3P2, F = 11=2 hyper�ne manifold. We have included 1S0

polarizability as well for reference. It is worth noting that all 10 mF lev-
els of 1S0 are degenerate in the absence of magnetic �eld. The polariz-
ability is shown for (a) � � , (b) � + , and (c) � - polarized trap light. We see
that for � -polarization all mF sublevels have near equal polarizability over
the whole wavelength range leading to mf state independent near magic
wavelengths at 517.7 nm and 881.7 nm (black circles in (c)). We do not
include a legend because the speci�c mF sublevels labeling is not relevant
here and the main message is the variation between different sublevels.
1S0 is the same color as in all polarizability plots.
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two wavelengths comes mainly from the magnitude of the polarizability and distance

from a transition. It is also worth noting that the 881.7 nm crossing will be more sen-

sitive to small variations in the other contribution, Eqn. (3.12). Since the crossing is far

from any transitions, small changes could lead to shifts of even 20 nm in the magic

crossing point. For � � polarizations, the mf speci�c crossing spreads out over 100's of

nm as shown by the other two plots in Fig. 3.4. For completeness, and to highlight the

uniqueness of this effect, we plot the polarizability around 900 nm for the three most

relevant hyper�ne manifolds, F = 11=2; 9=2; and 7=2, for � -polarization in Fig. 3.5. We

also show a zoom for both magic wavelength crossings of the F = 11=2 manifold in

the same �gure.

Next, to see if it is feasible to use our narrow linewidth imaging procedure with
87Sr, we calculate the polarizability of the 3P1, F = 11=2 manifold. This is because

only this manifold has a cycling transition between the mF = � 11=2 and the stretched

ground states. Although the region around 515 nm is no longer ideal for our narrow

linewidth imaging procedure (i.e. a deeper trapped 3P1, mF = � 11=2 state), we do �nd

that the same range of 700-900 nm will still work nicely for narrow line imaging in 87Sr

which includes both the clock magic wavelength and the 1S0 - 3P2 magic wavelength

estimated above, see Fig. 3.6.

Using elliptical polarization for tuning the polarizability

The last results for the polarizability that we will present are for the case of ellipti-

cal polarization. We can study the effect of the ellipticity on the polarizability of the

states. For reference, an ellipticity angle of 
 = 0 is equivalent to linear polarized light,

while 
 = � �= 4 is equivalent to � � respectively [30]. Using this method of polarization

tuning, we can induce state mixing between different mJ sublevels to shift the polar-

izability. This can be useful for �nding magic wavelength conditions. Here we will

present results starting �rst with the bosonic case and �nishing with one example for

the fermionic case.

To �nd an exact magic wavelength crossing between the two metastable states, 3P0

and 3P2, and the ground state, 1S0, we calculate the polarizability versus ellipticity

angle 
 of the trapping light at the clock magic wavelength of 813.4272 nm [34]. The

results of this calculation are shown in Fig. 3.7(a), where we use the labelling of j� ai -

j� ei for the 5 eigenstates of 3P2 since they are no longer pure mJ sublevels. At the
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FIGURE 3.5: Polarizability for � -light at different wavelengths around 900
nm for the different F -manifolds of 3P2 where (a) F = 7=2, (b) F = 9=2,
and (c) F = 11=2. We have included two additional zooms of F = 11=2
around the two predicted magic wavelengths of 517.7 nm and 881.7 nm.
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FIGURE 3.6: Polarizability for the different mF sublevels of 3P1, F = 11=2
for � - polarized light, where again the plus and minus mf levels of the
same quantum number are degenerate, leading to 6 unique curves. For a
guide we have additionally included the polarizability of 1S0 and identi-
�ed the jmF j = 11=2 sublevel with an arrow. The jmF j = 11=2 states re-
main deeper trapped than the ground state until over 900 nm. This means
that narrow linewidth imaging should work nicely at both the 1S0 - 3P0 and
1S0 - 3P2 (F = 11=2) magic wavelengths.

center of the plot the polarization is equivalent to the superposition of � + + � � , which

is equivalent to � -polarization in the absence of magnetic �eld, and the color code

matches that of the mJ sublevels in Fig. 3.2. At the edge of the plot where 
 = � �= 4,

the eigenstates are again puremJ sublevels of 3P2, however the colors no longer match

the previous �gure. For instance, the mj =0 state is now equivalent to j� bi . We �nd the

magic ellipticity angle for the 1S0, 3P2, and 3P0 states at
 = � 27� (0:151� ).

A similar analysis is done for a magic wavelength between 1S0 and 3P2 for a trap-

ping wavelength of 515 nm. There is no magic ellipticity angle between 3P0 and 3P2

at this wavelength unfortunately, but a magic angle between 1S0 and 3P2 offers some

advantages aside from the qubit candidate of an ultra-narrow linewidth transition at

magic conditions. These advantages include the large polarizability ( � 950 a.u.), the

short wavelength leading to small diffraction-limited tweezer spots, and the trapping

of Rydberg states at this wavelength. The results are shown in Fig. 3.7(b), where we see

two magic angles of 
 = � 8� (0:04� ) and 
 = � 33� (0:183� ) for two different sublevels.

We can also perform ellipticity tuning for the 3P1 state, where a magic condition

between 1S0 and one of the mJ sublevels of 3P1 could be useful for sideband cooling of

an atom in a tweezer. We have included the plots for this tuning at 515 nm and at 813.4

nm in Fig. 3.8(a) and (b) respectively. We see that at 515 nm such a condition exists for

the angle 
 = 22:7� (0:126� ), but no such angle exists for 813.4 nm. We will see in the
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FIGURE 3.7: (a) Polarizability versus ellipticity angle 
 for the 1S0, 3P0

and the �ve 3P2 mJ sublevels at 813.42 nm (note that1S0 and 3P0 have
equal polarizability at this wavelength). We �nd a magic ellipticity angle
between 1S0, 3P0 and 3P2 at 
 = � 27� (0:151� ). (b) same as (a) but at 515.2
nm. We �nd no magic angle between 3P0 and 3P2, but we �nd two magic
angles for 1S0 and two different sublevels of 3P2 at 
 = � 8� (0:04� ) and

 = � 33� (0:183� ).
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FIGURE 3.8: (a)Polarizability versus ellipticity angle for the 1S0 and the
three 3P1 mJ sublevels at 813.42 nm. (b) Polarizability versus ellipticity
angle for the same states as the previous plot, but at 515.2 nm. We �nd a
magic ellipticity angle of 
 = � 22:7� (0:126� ).

following section that a different tuning method can still be used for tuning to magic

conditions at this wavelength.

We conclude this discussion with results for ellipticity tuning of the 3P1, F = 11=2

state in 87Sr at 813.4 nm as shown in Fig. 3.9. This plot shows how the picture becomes

much more complicated with the additional hyper�ne sublevels. We include this plot

mainly for completeness but it is worthwhile to note how polarization impurity in the

tweezer beam could lead to state speci�c shifts. We see small ellipticity angles should

have little to no effect on the cooling/imaging transition where one of the stretched

sublevels are used. Again it is important to note that the pure sublevels can only be

found at the three points in this plot, where the strongest (weakest) polarizability cor-

responds to the mf = � 11=2(+11=2) sublevels at 
 = �= 4 and vice versa at 
 = � �= 4.

3.1.4 Combining the light shift and Zeeman Hamiltonian

Finally, we consider how an angle between the magnetic �eld and the polarization

affects the overall shift. To do this we must evaluate the full Hamiltonian, which is the

sum of the light shift and Zeeman Hamiltonian,



54 Chapter 3. Theory

FIGURE 3.9: Polarizability versus ellipticity angle for the 1S0 and the 12
mF sublevels of 3P1, F = 11=2 at 813.42 nm. We plot this mainly to show
the effect of polarization impurity on the mF dependent polarizability.

Ĥ full = ĤB; ZT + ĤE ; (3.23)

where the choice of Zeeman Hamiltonian corresponds to the choice of polarizability

matrix used in ĤE
4. We here consider a linearly polarized laser beam (typically the

tweezer beam) propagating orthogonal to a magnetic �eld, with an angle � between

the magnetic �eld direction and the polarization. The results presented here will focus

on using the polarization unit vector ~u� from Eqn. (3.5) to calculate the combined shift

when there is an angle between the magnetic �eld and the linear tweezer polarization.

Starting again from the simpler case of 88Sr using HB , we present some brief results

to highlight the agreement between our method and the measured magic angles from

previous publications. A magic angle for the 1S0 - 3P1 transition has been measured at

both 515 nm [44] and at 813.4 nm [34]. We are able to reproduce these results obtaining

the magic angles of � = 23� (0:128� ) at 515 nm and � = 49� (0:272� ) at 813.4 nm as

shown in Fig. 3.10 (a,b). Magic polarization angles with respect to a magnetic �eld

tend to be a more robust way for cancelling differential shift between two states. This

is because paraxial effects at the tight focal points of tweezers, along with the small

angles of the different tweezer beams on the waveplate required for ellipticity tuning,

could affect the uniformity of polarization across the tweezer volume and thereby the

differential light shift cancellation. Additionally, we have included a plot for the same

tweezer in the presence of a weak magnetic �eld (250 mG) in Fig. 3.10(c) to highlight

4One should use ĤB for 88Sr with Eqn. (3.21) and ĤZT for 87Sr with Eqn. (3.22).
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how stray �elds can cause undesired shifts and splittings and emphasize the impor-

tance of good magnetic �eld zeroing.

Since magic angle tuning can be a more robust method for canceling the differential

shift, we also examine if a magic angle exists for one of the 3P2 sublevels and the 1S0

and 3P0 states at 813.42 nm. We �nd that a such a magic angle does exist at� ' 75�

(0:417� ) as shown in Fig. 3.11. In the same �gure we have also include the B-�eld

dependence of this magic angle in order to determine the required �eld strength to

cancel out the differential shift. We see for a trap depth of approximately � 6 MHz

a �eld strength of about 3 G is required. In the �nal plot we show how the magic

condition can be saturated as the power of the trapping laser is increased. For example,

a 5 G �eld is able to suppress the shift up to ' 10 mW of power for a 0:8� m waist

tweezer. Converting back to trap depth, this gives a relation between trap depth and

magnetic �eld strength of approximately 2 MHz/G.

Finally, in Fig. 3.12, we present the total shift for the mF sublevels of the 3P1,

F = 11=2 hyper�ne manifold versus the angle between a small magnetic �eld of

B = 500 mG and linear polarization. This calculation is valid for low �elds where the

Zeeman shift is still linear and F remains a good quantum number [87]. The state label-

ing is even harder to keep track of in this plot because of the unique Zeeman and light

shifts for different mF sublevels and the angle dependent state mixing. An important

note to make though, is that when the B-�eld and polarization are aligned ( � = 0; � )

the polarizability matrix is composed of pure mF sublevels. This allows for simple cal-

culation of the total shift for a given state by addition of the polarizability and Zeeman

shift. This is an important consideration for state speci�c narrow linewidth imaging

on the 1S0 - 3P1 transition in 87Sr.

3.2 n-level coupling Hamiltonian with dissipation

In order to understand both how laser cooling works for an atom in an optical tweezer,

and how the internal states of an atom can be used as qubit or qudit states, we must �rst

compose a coupling Hamiltonian describing describing the coupling between 1S0 and
3PJ . Since for both applications the ingredients of this Hamiltonian are the same, we

start by outlining its derivation and the corresponding master equation (Section 3.2),

before using it for the two applications mentioned (Section 3.3 and Section 3.4).
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FIGURE 3.10: Total shift for different angles between magnetic �eld and
linear polarization for 3P1 with the light shift of 1S0 included for refer-
ence with (a) 515 nm trap light, 1.5 mW laser power, 0.8 � m waist, and
20 G �eld (b) 813 nm trap light, 5 mW laser power, 0.8 � m waist, and 20
G �eld, and (c) 813 nm trap light, 5 mW laser power, 0.8 � m waist, and
0.25 G �eld. In plots (a) and (b) the other 3P1 sublevels have been shifted
out of the plot area by the magnetic �eld. The last plot highlights angle
dependence of a stray magnetic �eld on changing the total shift of the 3P1

sublevels. These small shifts can signi�cantly affect the performance of
the cooling process, highlighting the importance of properly zeroing the
�eld or at least properly choosing the angle between an applied �eld and
the polarization. As expected we see that there is a symmetry around �= 2
for all of these graphs.
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FIGURE 3.11:(a) Total shift vs angle between the magnetic �eld and linear
polarization for 3P2 with the light shift of 1S0 included for reference at
a trap wavelength of 515.2 nm using PL = 1 :5 mW, w0 = 0 :8� m, and
B = 20 G. We �nd a magic angle of � = 40 � (0:222� ). (b) Same as (a)
at a trap wavelength of 813.4 nm using PL = 5 mW. We �nd a magic
angle at � = 75 � (0:417� ). In plots (a) and (b) the other 3P2 sublevels
have been shifted out of the plot area by the magnetic �eld. (c) Total shift
vs strength of magnetic �eld at a trap wavelength of 813.4 nm and with
� = 75 � (0:417� ) and the same parameters used in the previous plot. We
see that a �eld strength greater than 2.5 G is suf�cient for 3P2, mJ = 0
differential Stark shift cancellation at this trap depth. (d) Total shift vs
tweezer laser power. We plot the results for a low B �eld ( B = 5 G) so that
the deviation from magic is visible at a low intensity ( � 12mW). All other
parameters are the same as the previous plots (� = 75 � , w0 = 0 :8� m).
The legend at the bottom applies to all graphs and is assigned in the basis
where the magnetic �eld de�nes the quantization axis.
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FIGURE 3.12: Total shift vs angle between magnetic �eld and the linear
polarization of the trap light for the mf sublevels of the 3P1, F = 11=2
hyper�ne manifold. We use PL = 5 mW, w0 = 0 :8� m, and trapping wave-
length 813.4 nm with magnetic �eld strength of 500 mG.

The strength of coupling between a 1S0 state ji i and a 3PJ state jf i by light is de-

scribed by


 =
a0eE0

2~
hf j d ji i ; (3.24)

where 
 is the Rabi frequency, E0 is the magnitude of the electric �eld, and hf j d ji i is

the TDM between f and i in atomic units (see Eqn. (3.7)). We note that here we use

the TDM for which the Clebsch-Gordan coef�cient is de�ned for i to f with q equal to

the desired coupling. For a given transition, the Hamiltonian describing the atom light

interaction is

Ĥ0 = ~! a �̂ f f +
~

2

(�̂ f i + �̂ if )(ei! L t + e � i! L t ); (3.25)

where ! a is the frequency of the atomic transition, �̂ f f = jf i hf j, �̂ f i = jf i hi j, �̂ if =

ji i hf j, and ! L is the frequency of the laser driving the transition. Transforming to

the interaction picture using a unitary transformation Û = e � i~! a �̂ f f , the Hamiltonian

becomes

Ĥ I
0 = ÛyH0Û � ~! a �̂ f f =

~

2

(� f i ei( ! a + ! L )t + � if ei� t + � f i e� i� t + � if e� i( ! a + ! L )t ); (3.26)

where � = ! L � ! a. The interaction Hamiltonian can be further reduced using the

rotating wave approximation to neglect the fast rotating terms, and a second unitary
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transformation with Û = e � i~�^ � f f t to give

Ĥ = ÛyĤ0Û � ~�^� f f = � ~�^� f f +
~

2

(�̂ if + �̂ f i ): (3.27)

Ĥ describes the coupling between two given states of the atom. From here we can

describe a larger system using the summation over all relative states,

Ĥ tot = ~
di � 1X

i =0

df � 1X

f =0

� � f �̂ f f +

 if

2
(�̂ if + �̂ f i ); (3.28)

where i 6= f , di;f is the number of states/dimension of the qudit in the respective state

and d = di + df , and � 0=0. Expressed in matrix form this becomes

Ĥ tot =
~
2

0

B
B
B
B
B
B
B
@

0 
 0;1 
 0;2 : : : 
 0;d� 1


 1;0 � 2� 1 
 1;2
...

...


 2;0 
 2;1 � 2� 2
...

...
...

... ... 
 d� 2;d� 1


 d� 1;0 : : : : : : 
 d� 1;d� 2 � 2� d� 1

1

C
C
C
C
C
C
C
A

: (3.29)

Here it is worth noting that the off-diagonal couplings may not follow the same elim-

ination of fast rotating terms after applying the rotating wave approximation. Based

on their relative detunings with respect to the leading diagonal coupling's detunings,

this effect can be accounted for by additional AC Stark shifts or by keeping time de-

pendent 
 if 's for these terms. Based on the desired calculation, � f can take on two

representations. To construct the Hamiltonian for laser cooling, � f can represent the

change in energy for different quantum harmonic oscillator levels (QHOs) along with

the QHO speci�c detunings between the ground and excited state, see Section 3.3. To

construct the multiple state coupling Hamiltonians in Section 3.4, � f is the detuning of

the laser from the speci�c transition i to f where i = f � 1. Many of the Rabi frequen-

cies displayed in the matrix of Ĥ tot will go to zero based on either the absence of a laser

coupling between the two states, or because they are forbidden by selection rules.

Using density matrix formalism, we can evaluate the evolution under this Hamil-

tonian in the presence of laser noise and �nite excited state lifetime using the Lindblad
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master equation,

_� (t) = �
i
~

[Ĥ tot ; �̂ (t)] + L L + L D ; (3.30)

where _� (t) is the time derivative of the density matrix �̂ , L L is the Lindblad super

operator for dephasing from laser noise,

L L =
� L

2

X

trans

(2Ŝtrans �̂ Ŝtrans � Ŝ2
trans �̂ � �̂ Ŝ2

trans ); (3.31)

Ŝtrans = ji i hi j � j f i hf j is the collapse operator for a laser resonant with the transition i

to f and � L is the spectral linewidth of the laser. Ŝtrans describe the effect of dephasing

from each coupling laser [96]. L D is the Lindblad super operator for excited state decay,

L D =
� d

2

X

if

(2Ĉif �̂ Ĉy
if � �̂ Ĉy

if Ĉif � Ĉy
if Ĉif �̂ ); (3.32)

with � d is the excited state decay rate and collapse operatorĈif (Ĉy
if ) which can take

two forms based on the speci�c application [97]. In the case of laser cooling, Ĉif =

jngi hmej (Ĉy
if = jmei hngj) and describes the relevant decay processes frome to g with

QHOs m and n respectively. In the case of the multiple state coupling Hamiltonian,

Ĉif = ji i hf j (Ĉy
if = jf i hi j) describes the relevant decay channels from an excited state

sublevel to the correct ground state sublevels.

3.3 Laser cooling in optical tweezers

Laser cooling of strontium in optical tweezers relies on the near harmonic potential

created by the Gaussian focus of the tweezer beam as shown in Fig. 3.13(a). Two

different cooling methods have been demonstrated for strontium atoms in tweezers.

Both of these methods utilize the narrow 1S0 - 3P1 transition.

The �rst cooling method is known as sideband cooling. This method has also been

used in a variety of other systems aside from optical tweezers [98, 99, 100, 101]. For

strontium, sideband cooling can take place when the ground and excited state poten-

tials, Ug and Ue respectively, are equivalent. The laser detuning can then be set to

� mn = � ! g, where ! g is the ground state trap frequency, such that the atom is excited

to the n � 1 harmonic oscillator level of the excited state. For large enough trap fre-

quencies the atom decays with high probability back down to the n � 1 ground state,
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FIGURE 3.13: (a) Sketch of the two Harmonic oscillators created for the
ground ( Ug) and excited states (Ue) deep within the Gaussian potential of
the tweezer. Laser cooling of strontium atoms in optical tweezers relies
on such potentials. We have included some labels for terms that will be
used throughout the following subsection. These include the vibrational
levels of the ground ( jni ) and excited states (jmi ), Rabi Frequency (
 mn ),
decay rate (� mn ), detuning ( � mn ), and trap frequency ( ! g). � mn is de�ned
as the detuning from the mth excited state QHO to the nth ground level
QHO of the trap, thus because of the way the arrow of 
 mn is drawn, the
gap indicated in the image is � 01. (b) A sketch of the Sisyphus cooling
process. The tweezer potential is deeper for the excited state (3P1) than for
the ground state (1S0). The order of events for a cooling cycle is shown
from left to right. The atom initially rolls down the ground state potential
where it is preferentially excited near the bottom of the potential. The
atom then rolls up the steeper excited state potential before decaying back
to the ground state at a lower energy. This leads to a reduction in energy
per scattered photon related to the trap depth mismatch [32, 67].

such that an absorption emission cycle leads to the removal of one vibrational quan-

tum. Since the excited state trap frequency, ! e is equal to ! g, this process works for

any level n such that the atom can be cooled to the motional ground state of the trap

with a single detuning. For this process to work, one must be in the resolved side-

band regime where ! g � � and the Lamb Dicke regime [99]. The �rst requirement

makes sure atoms can be excited from a speci�c harmonic oscillator level because the

trap frequency is much larger than the radiative decay rate of the excited state and the

second ensures that the recoil energy of the cooling photon will not lead to a change
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in motional state of the atom. This method of cooling is used not only with optical

tweezers but also with ions [98, 99], neutral atoms in optical lattices [56, 100, 101], and

even micro-mechanical oscillators [102].

The second method, which has only been demonstrated in strontium, is a form

of Sisyphus cooling that relies speci�cally on a difference in potential depths for the

ground and excited state [30, 31, 32]. We will focus the discussion on the case ofattrac-

tive Sisyphus cooling as this is the method currently used in our experiment [32].

Attractive Sisyphus cooling relies on the same trap frequency parameters as outline

above but instead of equal trap depths relies on a trap depth mismatch of Ug < U e, see

Fig. 3.13(b). In a classical picture, the hot atom can be seen as a particle oscillating

inside the trap. The cooling laser is tuned such that the atom is selectively excited

from the bottom of the potential. When the trap frequency is larger than the radiative

decay, the atom is more likely to decay from its turning point of motion through the

trap. Because the excited state potential is steeper, the atom 'climbs' the excited state

potential only up to a point that is closer to the center of the trap compared to the

turning point of the initial ground state oscillations. The atom then decays back down

to the ground state having lost energy related to trap depth mismatch. In addition,

the non-magic trapping causes the harmonic oscillator levels of jei and jgi to be non-

orthogonal, for both the radial and axial directions, allowing for a single cooling beam

to remove energy from all directions [32, 67].

In the quantum picture both cooling processes can be seen to be more or less the

same with only a small difference related mainly to the ratio of the trap depths. For

the simulation outlined here, we will focus mainly on the attractive Sisyphus cooling

example as that is what is used in our experiment, however, the same technique can

be easily used to calculate sideband cooling or repulsiveSisyphus cooling (Ug > U e) as

well.

3.3.1 Cooling simulation

The simulation is based on solving the Lindblad master equation, see Eqn. (3.30), for

a two-level atom in a pair of 1D QHOs, one for each internal state jgi , jei . We use 1D

QHOs in the calculation for simplicity and ignore the anharmonicity of the Gaussian

potential. Additionally, we consider an in�nite trap depth but truncate the calculation

to a �nite number of harmonic oscillator levels. The ratio of the QHO frequencies
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is given by ! g=! e =
p

� g=� e, with � g;e the dynamic polarizabilities at the tweezer

wavelength. At our tweezer wavelength of 813.4 nm, we calculate this ratio to be

s 0.899.

To construct the desired coupling Hamiltonian, we start by choosing a traveling

wave for the Sisyphus cooling laser. The transition dipole moments between vibra-

tional states of different QHOs are calculated as deg hmj eikx jni , with jmi , jni the vibra-

tional states for internal states jgi and jei , respectively, and deg the transition dipole

moment of the 1S0 - 3P1 transition. This allows us to write the Rabi frequency between

vibrational states as


 mn =
ea0degE0

2~
hmejeikx̂ jngi ; (3.33)

where E(x) = E0eikx is the travelling wave of the cooling laser. We can also calculate

the decay from a given oscillator level, � mn , as

� mn = � 3P1 jhmejeikx̂ jngij 2; (3.34)

where � 3P1 is the radiative decay rate of 3P1.

We see that both of these terms require us to calculate the integral hmjeikx̂ jni . One

might think that direct calculation of this integral should be possible as done in [103],

but in practice we �nd this to be numerically slow and unstable. Instead we can split

the integral into two parts

hmejeikx̂ jngi =
X

i g

Smi D in (3.35)

where Smi is the squeezing operator and D in is the displacement operator with known

matrix elements for each and i g goes over all vibrational levels of jgi .

To split the integral in half we start by inserting an identity matrix from the ground

state, Î =
P

i g
ji gihi gj, to give us

hmejeikx̂ jngi = hmjÎ eikx̂ jni =
X

i g

hmeji gihi gjeikx̂ jngi : (3.36)

Here Smi = hmeji gi and D in = hi gjeikx̂ jngi and the subscripts g and e have been added

to label the ground and excited Fock states respectively. As shown in Fig. 3.14, we can
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FIGURE 3.14: Visualization of splitting of the integral hmjeikx̂ jni into two
parts. This �gure illustrates how the displacement operator ( D in ) corre-
sponds to a change in the harmonic oscillator level of the ground state,
whereas the squeezing operator (Smi ) relates to the Franck-Condon over-
lap between an excited QHO state and the ground QHO states.

see that the displacement operator corresponds to a change in the harmonic oscillator

level of the ground state, whereas the squeezing operator relates to the Franck-Condon

overlap between an excited QHO state and the ground QHO states.

To solve for the matrix elements of the displacement operator, we consider the re-

lation between the position operator, x̂, and the momentum operator, p̂. x̂ and p̂ are

conjugate variables with commutator [x̂; p̂] = i ~. This can be seen aŝx being the gen-

erator of displacement in p̂ and vice versa. More explicitly, the operator eikx̂ is the

displacement by ~k in momentum space giving us

eikx̂ = e ikx 0 (a+ ay ) = e i � g (a+ ay ) (3.37)

where ay and a are the creation and annihilation operators respectively, and we have

substituted the Lamb Dicke parameter of the ground state, � g = kx0 =
p

! R=! g where

~! R is the recoil energy from the emission of a photon. By expressing the displacement

operator as such, we can use the results of Cahill and Glauber [104] for a harmonic

oscillator in which they calculate the matrix elements for the displacement operator

D(� ) = e (�a y � � � a) . After substituting i� g for � , the solutions to the matrix elements are

given by



3.3. Laser cooling in optical tweezers 65

hmjD(i � g)jni = ( n!=m!)1=2(i � g)m� ne� � 2=2L (m� n)
n (� 2

g); (3.38)

where n and m are the integer values of the oscillator levels, and Ln is the generalized

Laguerre polynomial. This expression gives correct numbers for m > n but goes wrong

numerically in Mathematica, if m < n and n � m gets large. In that case, we can use

the symmetry hmjD(i � g)jni = hnjD(i � g)jmi to remove this issue from the calculation.

To obtain tractable expressions for the squeezing operator, Smi , we can use the re-

sults on squeezed number states from Albano et al. [105]. The states in the excited level

QHO are spatially compressed by a ratio � = � e=� g =
p

! g=! e, such that � < 1 when

the upper trap is the deeper one. The Franck-Condon overlaps for different Fock states

can be calculated with the squeezing operator S(r ),

S(r ) = exp
�

r
2

�
â2 � (ây)2

�
�
: (3.39)

where r = � ln � . The squeezing operator de�ned here is in fact a Bogoliubov trans-

formation:

SâSy = cosh(r )â + sinh( r )ây: (3.40)

Using this transformation on the position or momentum operator gives

Sx̂Sy = e � r x̂;

Sp̂Sy = er p̂; (3.41)

which shows how the squeezing operator acts as mechanical squeezing of the trap to

a stiffer one in position and a spread in momentum space consistent with a squeezed

state picture. We can rewrite the �rst half of the split integral, Smi as

Smi = hmeji gi = hmgjS(r )ji gi � h njm; r i ; (3.42)

allowing us to use the solution outlined in [105],

hnjm; r i =
(m!n!)1=2

cosh (r )(m+ n+1) =2
�

min( m;n )X

k

�
sinh(r )

2

� (m+ n� 2k)=2 (� 1)(n� k)=2

k! (m� k)!
2

(n� k)!
2

(3.43)

k =

(
0; 2; 4; 6 : : : n; m even

1; 3; 5; 7 : : : n; m odd;
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to extract the required matrix elements for the calculation. With this we have the two

terms required to solve Eqn. (3.35).

To evaluate the cooling performance under different parameters, we can now use

the Lindblad master equation, Eqn. (3.30) with � d = � mn . For this simple simulation

we neglect the laser noise super operator.

3.3.2 Results

To analyse the performance of cooling we can integrate the Lindblad master equation

out to different times. We choose a single motional level of the ground state as the start-

ing condition, vi , and set a maximum number of motional levels, vmax, to be included

along with the parameters r , � g, ! g, � , 
 , and Ug. We present the results for such a

calculation in Fig. 3.15, where we use the parameters vi = 15, vmax = 30, r = 0:054,

� g = 0:326, ! g = 2� � 45kHz, � = � 2� � 710kHz, 
 = 2 � � 30kHz, and Ug = 2� � 2:8

MHz and calculate the populations for 125 � s steps. We plot the population of each of

the QHO levels of both the excited and ground states in Fig. 3.15(a), where we have

highlighted the most interesting levels. After a few milliseconds of cooling, we see that

the initial state of 16g is no longer populated and there is only a signi�cant population

remaining in 3 levels, the lowest motional level of the ground state ( 0g), excited state

(0e), and �rst excited motional level of the ground state ( 1g). The sum of 0g and 0e

give us the true motional ground state population of s 95:1%as the0e population will

decay with high likelihood to 0g after the cooling laser is switched off. The only other

state with a signi�cant population is 1g where s 3:5% remains. This shows that an

atom in the tweezer can be cooled in a few milliseconds down to the motional ground

state

To simplify the results, we can look at the average motional level, �n, of the atom, as

shown in Fig. 3.15(b), where the average motional level vs time under the same con-

ditions is plotted. This shows the atom is cooled to near the motional ground state in

approximately 3 ms, however we note that the time it takes for the atom to be cooled

is related to the initial state/temperature of the atom, but the initial cooling rate of ap-

proximately 10 quanta/ms remains fairly constant with �xed conditions independent

of initial state. This simulation shows the great potential performance of the cooling

method and can be used for �nal optimizations, especially when attempting to reduce
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FIGURE 3.15: Time evolution of attractive Sisyphus cooling. We evaluate
the Lindblad master equation using the parameters vi = 16, vmax = 20,
r = 0 :0532, � g = 0 :333, ! g = 2 � � 43kHz, � = � 2� � 700kHz, 
 = 2 � � 30
kHz, and Ug = 2 � � 2:8 MHz as outlined in the main text. We calculate
the populations of each state at 125� s steps using the previous result as
the initial state. (a) The evolution of the state population for each motional
level. Since there are a total of 40 levels considered in the calculation (20
ground and 20 excited QHO levels), we label the four most relevant states
in place of a legend. States are labelled with their QHO level and subscript
related to which internal state the atom is in (g � 1S0 and e � 3P1 ). Under
these conditions we �nd a ground state fraction of s 94%. (b) Evolution of
the average motional level, �n, of the atom under the same conditions. We
see the atom is cooled from the 16th motional level to the near motional
ground level in approximatly 3 ms.
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cooling timescales in our system. However, the simulation takes a signi�cant amount

of time to calculate and instead a more ef�cient method can be used for optimization.

As an alternative to the system evolution under the Hamiltonian, we can instead

solve for the steady-state populations of each state. Since after a few milliseconds the

state populations are already constant, we can consider the steady-state solutions of

the Lindblad master equation setting _� (t) = 0 . We can then plot the average motional

level after cooling to steady-state and use this as a faster method for determining �nal

parameters. As examples of such optimizations, we present in Fig. 3.16 the steady-

state populations for varying the detuning ( � ), Rabi frequency (
 ), ground state trap

frequency (! g).In addition Fig. 3.16(d) shows the pop of all motional levels under the

optimal conditions mentioned above.

In Fig. 3.16(a), we show the average motional level of the atom versus the detun-

ing. The vertical dashed line indicates the calculated Stark shifted resonance of the

transition from 0g to 0e for the given trap depth. We �nd the best cooling happens

for a detuning of � 690to � 750kHz where a value of �n < 0:3 is obtained. This range

includes the detunings related to the �rst ( � 709kHz) and second (� 753kHz) red mo-

tional sidebands. This is consistent with the explanation that in the quantum picture

Sisyphus cooling and sideband cooling can be seen as the same cooling mechanism.

As the cooling laser is even further red detuned (left of the plot), we see that the cool-

ing performance decreases. As the atom is cooled, there are no longer higher order

motional transitions that can take place. This leaves the laser far detuned from the

low motional sidebands, effectively decreasing the scattering rate of the cooling laser

as it becomes far off resonant in comparison to the transition linewidth. This is also

why we choose to modulate the laser in order to maximise �uorescence from the 1S0 -
3P1 transition during the imaging process as explained in Chapter 2.

In the next plot, Fig. 3.16(b), we present the average motional level versus the Rabi

frequency of the cooling laser. The two different data sets show the performance at

two different detunings, � 690 kHz and � 740 kHz, related to the range de�ned by

the detuning scan. We see that in both cases as the intensity of the cooling laser is

decreased, the average motional level also decreases. More speci�cally, we see that for

Rabi frequencies below 75 kHz, the average motional level is �n � 0:5. In the shallow

tweezers considered throughout this section we see that the cooling saturates at low

intensities and similar performance is achieved over a range of Rabi frequencies. At

higher trap depths (not shown here), we see that an optimal intensity exists, and as
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FIGURE 3.16: Steady state results of the Lindblad master equation for (a)
detuning, (b) Rabi frequency, and (c) ground state trap frequency. All
other parameters are the same as in Fig. 3.15 except we usevmax = 30
(r = 0 :0532, � g = 0 :333, ! g = 2 � � 43kHz, � = � 2� � 700kHz, 
 = 2 � � 30
kHz, and Ug = 2 � � 2:8 MHz). (b) We have included two different detun-
ings in this plot, � = � 2� � 690 kHz (blue circles) and � = � 2� � 740
kHz (teal squares). (c) Here both ! g and � g are varied since � g =

p
! R=! g.

The veritcal dashed line shows the point where ! g = � 3P1
. (d) For com-

pleteness, we include the steady state solution of all states under the opti-
mized conditions used in Fig. 3.15, where we have increased the number
of harmonic oscillator levels to 50. The results are the same as those of
the evolution after 5 ms, con�rming that the 20 QHO levels used in the
evolution calculation were suf�cient.
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the intensity is further decreased the cooling performance again deteriorates related to

inadequate power broadening of the transition in comparison to the spacing between

motional levels.

In the experiment, we observe a minimal trap depth for high �delity imaging of

Ug = 2:8 MHz, see Chapter 2. We relate this minimum to the point where the Sisyphus

cooling is no longer able to compensate for heating in the axial direction. At shallower

trap depths, the excited state axial trap frequency is less than the natural linewidth of

the transition. In the classical picture of the steeper hill for the excited state potential,

this trap depth is where the atom is no longer more likely to decay away from the

center of the trap, which reduces the energy lost per cooling photon absorbed [67].

To better understand the effect of the trap frequency on the cooling performance

we calculate the average motional level for different trap frequencies while keeping

the trap depth �xed as shown in Fig. 3.16. At trap frequencies comparable to our ra-

dial trap frequency and higher we see great cooling performance that asymptotically

approaches �n = 0 as the trap frequency increases. Although there are still improve-

ments to the cooling performance as we go to a 30 kHz trap frequency, the rate of im-

provement for higher frequencies decreases signi�cantly. For lower trap frequencies

we see that the cooling performance gets worse as more motional sidebands remain

after cooling. The vertical dashed line shows the point where ! g = � 3P1 . We see that

as we approach this value, and go to even lower trap frequencies, the rate of cool-

ing degradation accelerates signi�cantly, consistent with our simple picture. This also

highlights how methods that use a more spherically symmetric trap, or smaller waists

can still have high quality cooling performance in even shallower traps [36, 44, 56].

Finally, we plot the steady-state solution of the Lindblad master equation under

optimal conditions in Fig. 3.16(d). These results reproduce the populations of all states

in Fig. 3.15(a) at times after about 4 milliseconds. This also shows that all motional

states greater than one for both the ground and excited states are not populated with

any signi�cant fraction. To summarize the results, we �nd the lowest temperature for

a detuning of 1-2 motional sidebands red of the Stark shifted resonance, at an intensity


 � ! g, and a trap frequency ! g � � 3P1 .

The current calculation already shows good agreement to the results seen in our

experiment, see Chapter 2. We can nicely estimate cooling times and experimental

parameters such as intensity and detuning for the cooling laser within easily scanned

ranges. The calculation even gives nice qualitative results supporting the minimum
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trap depth that we measure in the experiment. However, the calculation could of

course be improved with some additions outlined here. We could add the true 3D

potential of the tweezer created from the Gaussian focus of the beam. This will give us

more information on how well a single beam from the radial direction cools the atom

in all directions. The non-magic trapping present in the Sisyphus cooling scheme pre-

sented here causes the harmonic oscillator states ofjei and jgi to be non-orthogonal,

for both the radial and axial directions. Extending the calculation to 3D would thus

provide more direct information on the axial cooling performance. Additionally, by

considering a 3D trap, we could manipulate the angle between the cooling beam and

the radial plane of the tweezer to understand if this helps improve cooling in the axial

direction. We could also examine how multiple cooling frequencies or even frequency

sweeps could help to improve our cooling and more importantly our narrow-linewidth

imaging process (Chapter 2). Finally, we could also include the Lindblad super oper-

ator for dephasing from laser noise in Eqn. (3.31). This would be a valuable addition,

since we see the effect of laser noise on the cooling process already, see Chapter 2.

3.4 Qudits with strontium

The following subsection is related to the publication [41].

In this section we describe a proposed implementation of qudits using 87Sr. While

most current experimental efforts focus on the use of qubits, neutral atoms are a natural

platform for qudits and we speci�cally focus on the example of fermionic strontium,
87Sr [29, 68, 106]. The reason is that it possesses a nuclear spinI = 9=2 that is decoupled

from the electronic spin in the 1S0 ground state. Consequently this state features dmax =

2I +1 = 10 hyper�ne sublevels, which are relatively insensitive to electric and magnetic

�eld �uctuations. Moreover, by using strontium, one can make use of the long-lived

excited states from the 3PJ manifold, which has been exploited in a recent experiment

to create a Bell state with �delity reaching 99 % [57].

We present a full stack approach from algorithm to implementation in [41]. We

study the correlation clustering problem using the quantum approximate optimiza-

tion algorithm (QAOA) and qudits, which constitute a natural platform for such non-

binary problems. Speci�cally, we consider a neutral atom quantum computer includ-

ing Hamiltonian formulation of the algorithm, analysis of its performance, identi�ca-

tion of a suitable level structure for 87Sr and speci�c gate design. We show the qudit
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implementation is superior to the qubit encoding as quanti�ed by the gate count. The

majority of this large collaborative project falls beyond the scope of this thesis, but

we will brie�y mention the main ingredients before proceeding with the single qudit

formulation that will be the focus of this section.

In QAOA, some combinatorial optimization problem is encoded into a cost Hamil-

tonian HC , a mixing Hamiltonian HM , and some initial quantum state j 0i [107]. The

cost Hamiltonian encodes the cost function to be optimized meaning that it must act

diagonally on the n-qudit computational basis states and is related to the two-qudit op-

erations, which in our case would be induced through Rydberg excitation. The mixer

Hamiltonian is usually taken to be the transverse �eld Hamiltonian HM =
P

j � x
j ,

where � x
j is the Pauli X operator generalized to spin 9/2 acting on the j th qudit. The

mixer acts on the single qudit subspace and de�nes the connectivity, which determines

how many unique states of the qudit are coupled to each other. The initial quantum

state j 0i is usually equivalent to a uniform superposition of all computational states

in the single-qudit Hilbert space. QAOA creates a parameterized quantum state by

alternating between the application of � kHM and 
 kHC starting from the initial state

j 0i for a predetermined number of rounds (indicated by subscript k), where � k and


 k are the optimization parameters. The state is then measured in the computational

basis to return a candidate solution. The cost function can then be estimated through

the repetition of state preparation and measurement [107]. Here we will focus on the

formulation and characterization of the single qudit mixer, HM , in 87Sr.

For completeness, we now brie�y mention some details of the correlation cluster-

ing problem. Generally, the objective of clustering problems is to group elements into

a family of subsets, named clusters, such that the elements within a cluster are more

similar to one another than elements in different clusters. In case of the correlation

clustering problem, we would like to cluster based only on given pairwise relations

and without specifying the number of clusters in advance based only on pairwise re-

lations. The problem was introduced by Bansal et al. [108] to the theoretical computer

science community and has applications amongst others in social psychology, statisti-

cal mechanics and biological networks.

Instances of correlation clustering problems are commonly represented as a graph

problem, where the nodes are the elements to be grouped in clusters and edge weights

represent similarities between these elements. Correlation clustering is then formally

de�ned in the following way: let G(V; E) be an undirected graph, where V; E denotes
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the sets of nodes (also known as vertices) and edges, respectively. LetN be the total

number of nodes, i.e. N = jV j. Every edge (u; v) 2 E, where u; v 2 V are the vertices

connected by the edge, is labelled either `+' or `–', depending on whether the elements

are similar or dissimilar, respectively. For more details, see [41].

In this section we will outline a series of steps needed to formulate the desired

single qudit mixer. First we will brie�y present the mixer Hamiltonian that we need

for the problem. Second, we will present the chosen coupling scheme for implement-

ing the mixer, and outline the determination of the parameters of the system, such as

transition dipole moments (TDMs), maximum Rabi frequencies, and magnetic �eld

strengths. Third, we continue on to a more speci�c example of results for a d = 4 qu-

dit. Fourth, we present investigations of the initial state preparation and error sources

that apply to any dimension qudit quantifying the results such that they are easily com-

pared with the �delity of other qubit schemes. Fifth, we will conclude with a discussion

of the experimental implementation of this coupling scheme.

3.4.1 Mixer Hamiltonian

In short, we wish to compose a coupling Hamiltonian that can mix over the single

qudit subspace. Such a Hamiltonian was given in the work by Had�eld et al. [107],

where the following single-qudit mixing Hamiltonian is proposed

hM (r ) =
rX

i =1

�
(� x ) i + (� xy) i

�
; (3.44)

where r 2 f 1; : : : ; d� 1g, a parameter determining the connectivity of the mixer and � x

is the generalized Pauli X-operator, given by

� x =

0

B
B
B
B
@

0 1

1
...

1 0

1

C
C
C
C
A

: (3.45)
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This de�nes how many qudit states are coupled, acting similar to a qudit shift register.

One observes that for r = 1, the single-qudit mixer is equal to

hM (r = 1) =

0

B
B
B
B
B
B
B
@

0 1 1

1
...

... ...
... 1

1 1 0

1

C
C
C
C
C
C
C
A

(3.46)

such that every level is connected to its nearest neighbours, including periodic bound-

ary conditions. The full mixing Hamiltonian is then

HM =
X

u2 V

hM ; (3.47)

where u speci�es a speci�c qudit from the set of all qudits V, i.e., all nodes of the graph

in the correlation clustering problem. We can pick any value of r 2 f 1; : : : ; d � 1g,

where the special cases at the boundary are called the single-qudit ring mixer for r = 1

and the fully-connected mixer for r = d� 1. In the following subsections, we will focus

speci�cally on the r = 1 case.

3.4.2 Single qudit coupling scheme for r = 1 mixer

The relevant level scheme of 87Sr is sketched in Fig. 3.17(a). As stated above, the

ground state manifold, which we denote with a slight abuse of notation as jSi �

j1S0; F = 9
2 i , consists ofd = 2F + 1 = 10 mF -sublevels, mF 2 f� 9=2; : : : ; 9=2g. We also

denote jPi � j 3P2; F = 11
2 i the excited state manifold, which we will use to implement

the single and two qudit gates [40]. Here we choose the 3P2 manifold in particular

due to its long lifetime, which allows for a resonant excitation to the Rydberg state,

and resonant qudit excitations as described below. In our QAOA example, Rydberg

excitations are used for the implementation of the cost Hamiltonian. These two qudit

operations will not be discussed here, but details can be found in [41].

The choice of theP-manifold is motivated by the fact that, unlike the other possible

choices such asj3P2; F = 7
2 i or j3P2; F = 9

2 i , it possesses amagicwavelength � tweezer �
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FIGURE 3.17: (a) Relevant level scheme of 87Sr. The proposed qudit
states are realized by the ground state manifold jSi = j1S0; F = 9=2i .
The two-qudit gates are realized by exciting the states from jSi to a Ry-
dberg manifold jRyi = jn3S1i through an intermediate state from the
jPi = j3P2; F = 11=2i manifold (red and green arrows). The dark red ar-
row indicates the transition to the j3P1; F = 11=2i manifold used for mea-
surement of the quantum state. (b) Parameters of the manifolds jSi ; jPi
relevant for the single qudit operations: transition wavelengths � , typical
Rabi frequencies 
 , decay rates� and the associated lifetimes � from the
excited jPi manifold and the Landé g-factor quantifying the Zeeman split-
ting of the magnetic sublevels. The values of � P; � P are taken from [109].
The P-manifold states are used to realize the single qudit gates such as
the mixing unitaries, which are shown in (c) for r = 1 . We have included
state labeling for computational and storage states using the subscripts c
and s respectively. As explained in the main text, these storage states can
be used to extend the time before a tweezer photon is scattered, an effect
that can cause decoherence. Two qudit operations, such as the implemen-
tation of the cost Hamiltonian, require computational states of jSi to be
transferred to the same mF level of jPi . These states have been labelled
with the subscript R for Rydberg.

881 nm, for which the transition frequencies jS; mF i � j P; mF 0i are approximately in-

dependent of the intensity of the tweezer light for all mF and mF 0 sublevels, which

ensures a position independent addressing frequency of the individual sublevels as

discussed in Section 3.1 (Fig. 3.5).
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The actual addressing relies on the Zeeman splitting of the P-manifold and has

been experimentally demonstrated using 173Yb [39]. Applying moderate values of the

magnetic �eld B results in linear Zeeman splitting with an energy shift between the ad-

jacent mF 0 sublevels of � B gB=h, where � B and h is the Bohr magneton and the Planck

constant respectively and g is the Landé g-factor. The Zeeman shift in the mF sub-

levels of jSi comes purely from the nuclear Landé g factor, gI , whereas the shift in the

mF sublevels of jPi comes primarily from the spin-orbital Landé g factor, gJ . Since

gJ � gI , the frequency of the laser needed for each qudit transition is unique, reduc-

ing unwanted couplings and off resonant scattering in the system. We calculate the

Zeeman shift for the jPi state following the procedure outlined above in Section 3.1.

For the P-manifold, g � 0:36 and � B g=h � 0:5 MHz=G [92]. This provides a splitting

of � 50 MHz between adjacent mF 0 sublevels for a magnetic �eld amplitude of 100 G,

allowing for both resonant and off-resonant addressing as discussed in [41]. Here we

will focus speci�cally on the resonant r = 1 case. We have summarized the relevant

parameters in Fig. 3.17(b).

To create the r = 1 single qudit mixer, we consider resonant excitation between

adjacent mF sublevels of the jSi and jPi manifolds of 87Sr, see Fig. 3.17(c). The excited

state jPi , used for every other qudit state, is a metastable state with a minutes long

lifetime in the absence of the trapping light, however, this lifetime will be limited by

scattering of the trap light from the jPi - 3S1 transition. This will occur at a rate of 1

Hz and is the limiting time scale for a sequence of gates. This time scale can be further

increased by transferring the jPi states down to the jSi of the same mF in between op-

erations, which is limited by scattering of tweezer photons off the jSi - 1P1 transition

and by background gas collisions at a rate of < 0:1 Hz. For example, phase coherence

times well over 10 seconds have been demonstrated in nuclear spin encoded qubits of
87Sr [46]. This coupling scheme adds two additional types of pulse sequences to a gate

sequence. Atoms can be moved to a storage state by transferring thejPi computational

states down to their respective jSi sublevels. For two qubit operations, the jSi compu-

tational states can be transferred to the jPi sublevels of the samemF . We have added

additional state labels to Fig. 3.17(c) to clarify the difference between these states.

The unique addressing frequencies allow for balancing the strength of the differ-

ent Rabi frequencies in the system by using unique powers for each coupling laser.

To estimate the power needed for each beam, we must calculate the TDMs for the

different transitions involved at the magnetic �eld that will be used. At zero �eld,
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FIGURE 3.18: Transition dipole matrix elements from jSi to jPi . The hor-
izontal axis is the jS; mF i state of the transition. The values of the TDMs
are presented in � -a.u. and results are shown for � � (red), � (blue), and � +

(green) at both (a) 0 G and (b) 160 G. We chose the value of 160 G because
this is the near maximum �eld at which the separation between hyper�ne
manifolds is still larger than the separation between mF sublevels of the
same manifold. We see that a strong �eld also helps to balance the TDMs
for positive mF sublevels while increasing the variation for negative mF

sublevels. Because of this a smaller �eld might be favorable for a d = 10
qudit, whereas a large (160 G) �eld may be more favorable for smaller val-
ues of d.
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the TDMs are proportional to the Clebsch-Gordan coef�cient for the transition. How-

ever, as a magnetic �eld is applied, F is no longer a good quantum number causing

non-negligible contributions from the other 3P2 F -manifolds to be present [87]. We

calculate the TDMs for the jSi - jPi transitions including contributions from the hyper-

�ne E1 transition levels, F = 11=2; 9=2; and 7=2, by determining the eigenvectors of

the full Zeeman Hamiltonian of 3P2, see Eqn. (3.20), and using the decay rates from

[109]5. The results for 0 G and 160 G can be seen in Fig. 3.18. The value of 160 G is the

maximum �eld strength before the separation between neighbouring F -manifolds be-

comes insigni�cant in comparison to the detuning between mF sublevels of the same

manifold. It is worth noting that in this scheme the largest qudit possible might be

limited to a dimension of d < 10 because of the imbalance of the TDMs. This effect

can be slightly mitigated by using smaller Rabi frequencies and magnetic �elds (see

Fig. 3.18, the most even couplings over all 10 sublevels is at 0 G). However, reducing

the speed of the qudit couplings and magnetic �eld strength can cause more adverse

effects from different decoherence sources of the system, such as unwanted couplings,

laser dephasing and �nite excited state lifetime, making it hard to �nd reasonable pa-

rameters for a full d = 10 qudit. In this case the mixers could be implemented in a

step-wise fashion by means of the Givens rotations [111].

To consider the speed limit with which we can drive the transition before unwanted

decoherence from the coupling laser, we must consider a few sources of decoherence.

Mainly, we must consider the off-resonant scattering of the coupling laser off of the

broadest transitions of the qudit states of interest. For jSi this is the 30 MHz broad jSi

- 1P1 transition at 461 nm, and for jPi this is the 7 MHz broad jPi - 3S1 transition at

707 nm. The latter transition from jPi is the more dominant decoherence mechanism

with an off resonant scattering rate that is more than an order of magnitude larger.

For a Rabi Frequency of 
 = 2 � � 500kHz between adjacent states and considering a

d = 4 qudit, the off resonant scattering from the jPi - 3S1 transition is approximately

� sc = 22 Hz or a time of � sc = 45:5 ms before a dephasing photon is likely to have been

scattered off the unwanted transition. Taking the ratio � sc=
 allows for us to estimate

the in�delity from such events to be on the order of 8 � 10� 5 per 2� -pulse (between

adjacent states). This should allow for a high number of operations to be performed

5The decay rate can be converted to the reduced transition dipole moment using the expression
a0ehJ 0kdkJ i =

p
3�� 0~c� =! 3 [87, 110]. The TDMs are calculated with Eqn. (3.7), summing over the

different F contributions.
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before such a decoherence event occurs. A similar analysis can be done forS giving

an order of magnitude lower in�delity. An additional consideration is the off-resonant

scattering of the coupling laser from a different jS; mF i - jP; mF 0i transition. We discuss

this further in the following subsection using a more explicit example.

Finally, we brie�y discuss the implementation of the mixing unitary UM (� k) =

exp[� i� kHM ] for the r = 1 case. We propose to implement the r = 1 case as shown

in Fig. 3.17(c). Here, the subscript k refers to the size of the time step used in the

QAOA computation.

Starting with all qudit states in their jS; mF i sublevels i.e., from a uniform superpo-

sition over the mF sublevels of jSi such that the jPi computational states are in their

respective storage states, we apply the following sequence of pulses:

1. Apply
�

d
2

�
� -polarized � -pulses on the statesf 1; 3; : : : ; lg, l = 2

�
d
2

�
� 1, on the

jSi � j Pi transition, which brings them from jSi to jPi . Here d ranges from 1 to d

and l is the computational qudit states as labeled in Fig. 3.4.5(c).

2. Apply the Rabi frequencies 
 `;` +1 connecting nearest-neighbour qudit states for

time � k .

3. Repeat step 1 to bring the
�

d
2

�
levels from jPi back to jSi . Or

4. Perform step 1 on the statesf 0; 2; : : : ; lg to bring the computational states into

their respective two-qudit computational states in preparation for application of

a cost Hamiltonian. See [41] for further details.

In Fig. 3.17(c), the choice of couplings is depicted by the red arrows and the cou-

pling Hamiltonian reads


 h
 = 


0

B
B
B
B
B
@

0 c0;1

c�
0;1

...
... cd� 2;d� 1

c�
d� 2;d� 1 0

1

C
C
C
C
C
A

: (3.48)

When the individual Rabi frequencies 
 `;` 0 are adjusted such that c̀ ;` 0= `+1 = 1 8 `,

h
 ! hM and the sequence 1-3 corresponds to the mixing unitary UM , with the mixing

parameter � k = 
 � k where � k is the step size of the operation in the QAOA sequence.



80 Chapter 3. Theory

One important remark is in order: the mixing Hamiltonian, Eqn. (3.46), implements

a “periodic boundary condition” in that it couples the levels 0 and d � 1 (and similarly

for higher r ). Such coupling is typically not native to a physical qudit, which instead

corresponds to an “open boundary condition” as is apparent from Eqn. (3.48). We

discuss the difference between using Eqn. (3.48) in place of Eqn. (3.46) in more detail

in [41] where we see that our hardware speci�c mixer is not expected to result in a

signi�cant decrease in performance.

3.4.3 d=4 qudit example

To consider a more concrete example, we can examine the qudit coupling for the r =

1 and d = 4 case. An illustration of the coupling scheme is presented in Fig. 3.19.

The coupling lasers alternate between � � and � + polarization for couplings from jSi

- jPi and jPi - jSi respectively. We will leave all coupling matrices in the form of Ĥ tot

(Eqn. (3.29)) instead of the qudit mixer mentioned above.

With only the desired couplings included, the Hamiltonian takes the form of

Ĥ tot =
~
2

0

B
B
B
B
@

0 
 0;1 0 0


 1;0 � 2� 1 
 1;4 0

0 
 4;1 � 2� 4 
 4;5

0 0 
 5;4 � 2� 5

1

C
C
C
C
A

; (3.49)

for states j0i = jS; 9=2i , j1i = jP; 7=2i , j2i = jS; 5=2i , j3i = jP; 3=2i . However, for

proper consideration of all off resonant couplings, decay channels, and laser noise, the

Hamiltonian

Ĥ tot =
~
2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 
 0;1 0 0 0 0 0 0


 1;0 � 2� 1 
 1;2 0 
 1;4 0 0 0

0 
 2;1 � 2� 2 
 2;3 0 0 0 0

0 0 
 3;2 � 2� 3 
 3;4 0 
 3;6 0

0 
 4;1 
 4;3 � 2� 4 
 4;5 0 0

0 0 0 0 
 5;4 � 2� 5 
 5;6 
 5;7

0 0 0 
 6;3 0 
 6;5 � 2� 6 0

0 0 0 0 0 
 7;5 0 � 2� 7

1

C
C
C
C
C
C
C
C
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C
C
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C
C
A

; (3.50)
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FIGURE 3.19: Coupling scheme for a d = 4 qudit with all required cou-
pling lasers present. The states are labelled with both their respective mF

sublevels and state in the 4 level qudit basis where states (j0i ; j1i ; j4i ; j5i )
compose the computational basis. ThemF labels correspond to vertically
aligned sublevels of both jSi and jPi . � � transitions are shown in red and
� + transitions are shown in green. the unwanted, but unavoidable, off res-
onant couplings of each laser are shown as well with less opacity. Zeeman
shifts are not to scale.

is needed, where the states j0i to j7i are jS; 9=2i , jP; 7=2i , jS; 7=2i , jP; 5=2i , jS; 5=2i ,

jP; 3=2i ,jS; 3=2i , and jS; 1=2i respectively. This Hamiltonian shows all allowed cou-

plings in the system. When implementing the desired coupling of Eqn. (3.49), the Rabi

frequencies 
 1;2; 
 3;4; and 
 5;6 can be set to zero with proper choice of polarization

while others, 
 2;3; 
 3;6; and 
 5;7;, will still be present with a large detuning caused by

the Zeeman shift of the jPi levels in the presence of a magnetic �eld. Additionally, with

proper tuning of the laser frequencies to resonance, certain detunings can also be set

to zero, speci�cally � 1; � 4; and � 5. Considering equal Rabi frequencies for all desired

couplings for Eqn. (3.49) and after setting the proper terms to zero, we can rewrite
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Eqn. (3.50) as

Ĥ tot =
~
2

0
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 0 0 0 
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 2;3 0 0 0 0

0 0 
 3;2 � 2� 3 0 0 
 0

0 
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; (3.51)

giving us the Hamiltonian of the four-level-qudit.

A plot of the evolution under this Hamiltonian using the Lindblad master equation

(Eqn. (3.30)) is shown in Fig. 3.20. Rabi frequencies of
 = 2 � � 500kHz, laser noise of

� L = 2� � 100Hz, � 3 = � 2� � 20MHz and � 7 = 2� � 40MHz (Zeeman shifts induced

by B � 40 G) have been used to create these plots and all others, unless otherwise

speci�ed. The only Rabi frequencies that differ from 
 is 
 2;3 (
 3;2). Instead we set

this Rabi frequency to 2:415 
 because two beams off resonantly affect this transition

as shown in Fig. 3.19. The deviation of this Rabi frequency from two accounts for

the different TDMs of each transition 6. The detunings of these two beams are equal

up to a sign (one is +20 MHz and the other is � 20 MHz due to Zeeman splitting),

so we set the detuning to the blue detuned frequency of the mF splitting induced by

the magnetic �eld (corresponding to � 3= 20 MHz). With these parameters, we have

observed coherent oscillations for well over 300� s between the four computational

states with no population being transferred to the unwanted mF sublevels outside the

computational basis.

To further examine the �delity of the mixing Hamiltonian, we calculate the �delity

after a 2� -pulse using

F � tr
p

� 1=2�� 1=2; (3.52)

where � is the density matrix after the evolution of the Lindblad master equation and

6At the chosen magnetic �eld, the ratio of TDMs are hP; 5=2kdqkS; 7=2i =hP; 7=2kdqkS; 9=2i = 1 :691
and hP; 5=2kdqkS; 7=2i =hP; 3=2kdqkS; 5=2i = 0 :724. The sum of these ratios gives the value 2:415 
 . A
similar method could be used for the off resonant � + beams. However since the TDMs of these transi-
tions are weaker than the transition being addressed, we instead overestimate the error by leaving them
at 
 .
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FIGURE 3.20: Evolution of Lindblad master equation for a 4 level qudit
using the Hamiltonian in Eqn. (3.51) and the levels outlined in Fig. 3.19.
The initial state is a superposition over all four qudit states. We use the
parameters 
 = 2 � � 500kHz, laser noise of � L = 2 � � 100Hz, � 3 = 2 � � 20
MHz and � 7 = 2 � � 40MHz to make this plot. We set all Rabi frequencies
equal to 
 l;l 0 = 
 except for 
 2;3 (
 3;2) which is set to 2:415
 . We observe
coherent evolution over several oscillations and no unwanted coupling
to states outside the computational basis throughout the evolution. The
�delity after a 2 � -rotation is F = 0 :9998under these conditions. See text
for further details.

� is the density matrix for an ideal superposition of the four computational states [19].

With the parameters used for Fig. 3.20, we �nd a �delity of F = 0:9998after a 2� -pulse

(1.795� s). The limiting factor on the �delity for these parameters is laser noise which,

with state of the art technology, can be reduced signi�cantly lower than the 2� � 100

Hz considered here. In the absence of laser noise we �nd a �delity of F = 0:999993.

We have preformed similar calculations to check the required magnetic �eld strength

and �nd the 40 G �eld used here to be suf�cient and even with the maximum �eld of

160 G (see Fig. 3.18), the �delity on increases by 1.5� 10� 6.

3.4.4 Initial state preparation, state isolation, and off resonant scat-

tering

A few additional situations must be considered to understand the �delity of the state

preparation and the qudit coupling. The three remaining effects we will consider here

are the �delity of a � � pulse for the two level case, which quanti�es the �delity in a way

comparable to a single qubit rotation, the required �eld for isolating the individual
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mF sublevels from each other, and the effect of off resonant scattering from the jPi -
3S1 transition. We note that even more analyses could be done to further understand

gate �delity, such as including polarization purity, laser intensity noise, and magnetic

�eld noise into the calculations, some of which we will also brie�y comment on in the

following subsection.

To analyse the state preparation �delity, we consider all the relevant levels of a three

state qudit coupling scheme and examine the situation of a single laser driving the j0i

to j1i transition, i.e. a qubit like drive scheme, as shown in Fig. 3.21(a). We include the

third state to model all possible decay channels. An evolution of the Lindblad master

equation is shown in Fig. 3.21(b). We see that a �delity of well over 99% is preserved

even after 10 oscillations (in�delity of 1 � 10� 4 per � � pulse, see inset). For preparing

the required superposition we will use a number of fractional � � pulses where each

one achieves the same coherence as the evolution illustrated by this coupling, limiting

the need for individual examination. See Section 3.4.5 for further details on the state

preparation.

To examine the protection of off resonant scattering from the wrong mf by the cou-

pling beams, we use the same Hamiltonian as Fig. 3.21, but place half of the initial

population into the j2i (jS; 7=2i ) state and see if any population is transferred to the j3i

(jP; 5=2i ) state, see Fig. 3.22. This allows us to determine the magnetic �eld required to

mitigate any depopulation of neighboring mF sublevels via off resonant coupling. The

required magnetic �eld to keep the �delity unchanged is approximately � 80G/MHz

of Rabi frequency to prevent such scattering events from occurring. We consider only

the effect of the coupling laser on the nearest mF state because subsequent states will

be even further detuned by the Zeeman shifts leading to smaller effects.

Finally, we examine the effects of decoherence from off resonant scattering of the

jPi - 3S1 transition using a 3 level Hamiltonian with states j0i = jS; 9=2i , j1i = jP; 7=2i ,

and j2i = 3S1. We calculate the effect of direct off resonant coupling using the laser

power of the coupling beams to calculate the Rabi frequency of this transition, and the

difference of the jPi - 3S1 (707 nm) and the jSi - jPi (671 nm) transitions as the detuning.

We calculate by considering all off resonant scattering rates of this transition as a loss

channel out of P. The effect is negligible (1 � 10� 6) on the time scales of interest with

the chosen parameters.



3.4. Qudits with strontium 85

FIGURE 3.21: (a) Level scheme for a d = 3 qudit. The states are labelled
with both their respective mF sublevels and state number in the 3 level
qudit basis. The mF labels correspond to vertically aligned sublevels of
both jSi and jPi . We start with the atom in the j0i state and apply a single
coupling laser between states j0i and j1i to characterize the evolution of
this qubit like system for state preparation. (b) Evolution of the Lindblad
master equation for the system described in (a). We use this to evaluate
the performance of the fractional pulses required for superposition state
preparation. We see that over 10 full rotations can be completed with a
nearly negligible in�delity. Speci�cally, we observe an in�delity of 1 �
10� 4 per � � pulse as shown in the inset. All parameters are the same as
speci�ed for Fig. 3.20.

3.4.5 Experimental Implementation

The proposed experiment begins with the preparation of single 87Sr atom trapped in

optical tweezers formed by laser beams at � = 881 nm imaged through a microscope

objective to create a static array of traps, see Chapter 2 and Chapter 4. A defect free

array of tweezers can be made using an additional movable tweezer, see Section 4.5.

The choice of wavelength comes from the near magic wavelength condition for the jSi -

jPi transition in which a differential Stark shift of at most � 125 kHz/mK trap depth is

expected for certain mF sublevels7, see Section 3.1. Trap depths on the order of200�K

are required during the imaging process and gate operation to remain in the Lamb

7This separation is for the furthest separated mF states in a d=10 qudit, where the levels
jP; jmF j = 7=2i and jP; jmF j = 1=2i are the furthest separated for linear polarization, see Fig. 3.5.
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FIGURE 3.22: (a) To examine the protection by the Zeeman shift of the
neighboring mF state from unwanted scattering of the coupling laser, we
use the same system as described in Fig. 3.21, but instead use an initial
state with an equal superposition of j0i and j2i . (b) Evolution of the Lind-
blad master equation of the system described in (a). The protection comes
from Zeeman shift induced by the applied magnetic �eld. We �nd that
a ratio of � 80 G/MHz for B � �eld strength to Rabi frequency provides
adequate protection of j2i . The �eld strengths here are B = 40 G and all
other parameters are the same as in Fig. 3.20.

Dicke regime for the axial con�nement of the tweezer. This means the mF speci�c

differential light shifts are negligible when the tweezer trap depths are balanced to a

few percent, see Section 4.4, and when considering Rabi frequencies above0:5 MHz

where unwanted detunings of � 25 kHz only affects the �delity on the 10� 5 level.

For imaging the atoms in the tweezers, scattered light from the cycling transition of

jS; 9=2i - j3P1; F = 11=2; mF = 11=2i can be collected onto an EMCCD camera through

the microscope objective. Although the length of time required for an image increases

due to the low scattering rate of this transition when compared to current methods,

this scheme has the advantage of simultaneously cooling the atoms while light is be-

ing collected allowing for shallower traps to be used during the imaging process, see

Chapter 2. Furthermore, this method allows for state speci�c detection of individual

mF sublevels in the presence of a large (> 50 G) magnetic �eld. Only atoms in the

jS; 9=2i sublevel will be imaged in this case after which each additional state can be

transferred to mF = 9=2 state using optical pumping, or via stimulated Raman adia-

batic passage or Raman coupling. This imaging method allows for storage of the qudit

states in the mF sublevels of jSi which reduces the chance of off resonant scattering
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while the other mF sublevels are being imaged. It also allows for imaging of all 10

mF sublevels within the expected tweezer lifetimes of � 10 seconds in the absence of

cooling. This time is limited mainly by background gas collisions and can be increased

further by improving vacuum quality. The initial image and post-sorting con�rmation

image can both be done in the absence of a magnetic �eld and will directly initialize all

atoms into the jS; 9=2i sublevel8.

Two different magnetic �elds are required for all of the single and two qudit op-

erations. One coil will create a bias magnetic �eld, Bk, along the propagation axis of

the tweezers for use during the single qudit operations. The second coil creates a mag-

netic �eld, B? , perpendicular to the propagation of the tweezers, and along the axis of

the imaging/cooling beam. The second coil allows for the necessary � � polarization

from the coupling beams for de-excitation of jPi computational states to their respec-

tive storage states, or for excitation of the jSi computational states to their respective

jP; mF i sublevel for Rydberg excitation. Additionally, B? allows for the imaging light

to be pure � + polarization, which is required for state speci�c detection of the differ-

ent mF sublevels. The time required for changing between these two magnetic �elds

could be a signi�cant source of dead time since the �eld needs to be switched anytime

we transfer between computational states and storage states.

A �nal consideration for the magnetic �elds is the required stability. The necessary

stability for the �elds is dependent on the shift per Gauss of the different mF sublevels

of jPi which will determine the required laser frequencies for each coupling laser. The

Zeeman shift for these sublevels fall into the range of � 500kHz/G meaning a mag-

netic �eld stability of � 10 mG will be suf�cient for the Rabi frequencies we consider

as long as the �eld varies slowly with respect to the duration of the algorithm.

A series of fractional � � pulses from the individual coupling lasers can prepare the

desired initial superposition across all qudit states. The length of each pulse takes

the form of (d � i � 1)�= (d � i ) where d is the number of qudit levels and i is the

initial state of the pulse ranging from i = 0 (for j0i ) to i = d � 1 (for jd � 1i ). For

example, to prepare an initial super position over all 10 computational qudit states a

series of pulses with magnitude 9 � /10, 8 � /9, : : :, � /2 are used. Comparing this with

the � � pulse �delity determined from Fig. 3.21 and other error sources outlined above,

we see the superposition state can be prepared with a �delity exceeding 0.999. An

8If � + polarized-light is used for the cooling beam, the Clebsch-Gordan coef�cients of the
j3P1; F = 11=2i state will lead to all atoms being pumped to the stretched state.
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additional �ve � -polarized � � pulses would be required to transfer the computational

states down to their respective storage states.

After this initialization step, all coupling frequencies can be turned on for the single

qudit gate or pulses can be serialized. The magnetic �eld can then be switched from the

Bk to the B? con�guration for transferring the 3P2 qudit states to their storage states, or

for exciting the 1S0 qudit states to their respective 3P2 sublevels in preparation for a two

qudit gate. Once the entire gate sequence is completed, all qudit states are transferred

to their 1S0 sublevels and imaging can be performed in presence of a high magnetic

�eld as explained above. Since the state transfer during imaging can also swap out the

atoms already in mF = 9=2, once an atom is detected in a speci�c site, its mF sublevel

assignment is �xed and will not change even if it disappears or reappears in a later

image.

For engineering site selective qudit couplings, a similar system to the one described

in [46] can be used. The coupling beams for the different qudit transitions can be cre-

ated using the sideband of an EOM with multiple drive frequencies from an arbitrary

waveform generator to create the necessary frequencies and intensities for each transi-

tion. Ideally, a method for �ltering of the unwanted sidebands and carrier frequencies

should be used. The unwanted sidebands and the carrier will induce off resonant scat-

tering on the jPi -3S1 transition, which limits the number of gates. Due to the signi�cant

power required for the coupling beams, this could signi�cantly reduce the time avail-

able for the algorithm. One possibility to remove these unwanted frequencies would

be to instead use an AOM in a double-pass con�guration with multiple frequencies.

The coupling light is divided into two separate paths of perpendicular linear po-

larizations, with each path going to a pair of perpendicularly aligned acoustic optic

de�ectors (AODs) allowing for single site addressing of each tweezer. By using two

separate pairs of AODs the available laser power can be most ef�ciently used and un-

wanted laser frequencies/polarizations can be avoided. The two paths are recombined

using a polarizing beamsplitter before being sent through a Pockels cell for conversion

to the required � � polarization for the coupling beams. The Pockels cell offers the

additional advantage of fast switching of the polarization when � � polarized light is

required. Both paths are constructed in a 4f con�guration through the microscope and

aligned with the tweezers similar to shown in Fig. 4.4. We have brie�y analysed the

purity of the polarization by adding unwanted couplings. We observe that a polariza-

tion impurity of 1 % only affects the gate in�delity on the 10� 4 level.
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The described coupling setup also allows for one to control which two tweezer

sites are involved in a two qudit operation since the jPi - jRyi transition is used for the

two qudit coupling. If all tweezers are placed into their jSi storage states (as opposed

to their jPi computational states), we can selectively choose which tweezer sites and

which qudit states to entangle by using the coupling beam as the �rst photon in the

two photon excitation to the Rydberg state.
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Chapter 4

Experimental setup and tweezer results

Our starting point was a Sr quantum gas machine that was able to produce both Bose

Einstein condensates and degenerate Fermi gases with the intent of moving towards

quantum simulation experiments and eventually to a quantum gas microscope. We de-

cided to change strategy and instead make a tweezer experiment due to the versatility,

fast repetition rate, and powerful capabilities of these experiments for both quantum

simulation and quantum computing [46, 47, 49, 50, 57, 64]. In the following sections

we will cover the developments to the experimental setup involved in switching from

a quantum gas machine to a tweezer machine along with some additional tweezer re-

sults. This includes initial results of loading atoms into the tweezers, our �rst single

atom signals along with the ingredients that we found most helpful in obtaining this

signal, further optimizations to near unity survival rates, and results of site selective

imaging and sorting.

An in depth description of the strontium apparatus and laser systems used in this

experiment can be found in the PhD theses of O. Onishchenko [62] and S. Piatchenkov

[63]. Some additional details on our �rst tweezer setup and a great discussion of mi-

croscope objective properties and characterization can be found in the master thesis of

I. Knottnerus [112].

Similar to other groups in the �eld of optical tweezers for strontium [30, 44, 45],

our �rst attempts at preparing single strontium atoms were with 515-nm and 532-nm

tweezers (green tweezers). We never managed to make these tweezers work. We had

many suspicions for what the problem could be, and the main one was our tweezer

light source.

By this time, other groups were presenting new results with 813-nm tweezers [32,

34]. The bene�ts of better imaging survival rates and much longer lifetimes [32] moti-

vated us to switch to a similar tweezer wavelength. Here we will discuss some results
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with 785-nm tweezers and mainly the results with 813-nm tweezers (NIR tweezers).

This section is ordered as follows. We will begin with a brief outline of the exper-

imental setup and our unique procedure for making a � K cloud of strontium atoms

at the focal plane of the microscope objective (Section 4.1). Next we will discuss the

NIR tweezer system including characterization of the relevant parameters externally

and alignment onto the experimental setup (Section 4.2). We continue by outlining the

procedure for single atom preparation and detection in optical tweezers including our

�rst results and the limiting factors that prevented us from seeing these results sooner

(Section 4.3). In Section 4.4 we discuss the optimizations performed to reach high �-

delity preparation, detection, and survival of single atoms in larger tweezer arrays and

the limit on minimum trap depth that we observe. Finally, as an important initial step

to quantum computation and simulation experiments, we �nish with our results on

sorting single strontium atoms into defect free arrays in Section 4.5.

4.1 Overview of experimental setup

The experimental setup used in this thesis was originally constructed to be a quan-

tum gas microscope, however we later decided to pursue tweezer arrays instead. A

detailed description of the design of this machine can be found in [62, 63]. After com-

pleting the work on 1S0 - 3P2 spectroscopy [40], we began the conversion to a tweezer

machine. Here we will discuss the changes to the machine since this publication, skip-

ping the green tweezers and instead focusing on the upgrade to NIR tweezers. In

addition to this information, an overview of the experiment and additional details on

the experimental procedure used for preparing a red MOT can be found in Section 2.3

and Section 2.7 respectively.

In Fig. 4.1, a picture of the experimental setup along with a CAD drawing of the

vacuum chamber is shown. In the picture, we show the tweezer optical setup on

the upper most breadboard, the objective mount assembly hanging down to the main

chamber, and the tweezer �uorescence imaging system. The CAD drawing shows the

placement of the tweezer objective inside of the MOT coils along with the path of the

atoms from the oven.

The tweezer �uorescence imaging system images the �uorescence of trapped atoms

onto an EMCCD camera (Andor Ixon 897), using the objective that is also used to

project tweezers onto the atoms. The �uorescence light is split from the tweezer laser
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FIGURE 4.1: (a) Picture of the experimental setup focusing on the science
chamber and tweezer optics. The uppermost breadboard is the tweezer
optical setup and the breadboard above the Zeeman slower is the tweezer
�uorescence imaging system. The objective mount assembly is also visible
hanging down to the main chamber with the microscope objective hidden
by the MOT coils (the two black cubes above the main chamber are part
of this assembly, see Fig. 4.5).(b) CAD drawing of vacuum chamber with
the oven, Zeeman slower, MOT coils and tweezer objective visible. For
further details on the vacuum chamber and electromagnetic coil designs
see [62, 63].
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